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Abstract
In the paper we consider the Nonsymmetric Kaluza–Klein (Jordan–Thiry) Theory and
hierarchy of symmetry breaking, within Grand Unified Theories. In this way we try to con-
struct Unified Field Theory. We consider also a quintessence and skewon fields as possible
Dark Matter particles. Both particles are massive with zero and one spin. It means, with a
scalar and a pseudovector particle. They are interacting only gravitationally. They are really
a part of gravity. In this way they are geometrized. We find a natural way to get a cosmo-
logical constant (Dark Energy) and the fifth force. We consider also an effective gravitational
“constant” Geff and a test particle movement in the theory. We consider also a tower of scalar
(massive) fields as an additional Dark Matter derived in the paper.
1 Introduction
In this paper we consider a Nonsymmetric Kaluza–Klein Theory and the Nonsymmetric Kaluza–
Klein Theory with a spontaneous symmetry breaking and Higgs’ mechanism as a unification of
NGT (Nonsymmetric Gravitational Theory) with Yang–Mills’ fields and Higgs’ fields (see Refs
[1]–[5]), for NGT see Ref. [6]. We consider a hierarchy of symmetry breaking in the Nonsymmetric
Kaluza–Klein Theory and the Nonsymmetric Kaluza–Klein Theory with a spontaneous symmetry
breaking and Higgs’ mechanism within Grand Unified Theories. We develop a hierarchy of the
symmetry breaking in our theory. This approach is a preliminary version of a Unified Field
Theory. For further development of the Nonsymmetric Kaluza–Klein (Jordan–Thiry) Theory see
Refs. [7]–[10]. For Grand Unified models see Refs [11], [12], [13].
Let us remind to the reader that NGT (Nonsymmetric Gravitation Theory) known also as
Moffat theory is a theory which uses mathematical apparatus of Einstein Unified Theory as a pure
gravitational theory. Moreover, A. Einstein considers also his unified field theory as a generalized
theory of gravity (see Ref. [14]).
We construct the Nonsymmetric Jordan–Thiry Theory unifying NGT, the Yang–Mills’ field,
the Higgs’ fields and scalar forces in a geometric manner. In this way we get masses from higher
dimensions. We discuss spontaneous symmetry breaking, the Higgs’ mechanism and a mass
generation in the theory. The scalar field Ψ (as in the classical Jordan–Thiry Theory) is connected
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to the effective gravitational constant. This field is massive and has Yukawa-type behaviour. The
field Ψ can be considered as a quintessence field.
We consider a mass of a quintessence particle, various properties of a quintessence field. In
Ref. [15] we calculate a speed of sound in a quintessence and fluctuations of a quintessence caused
by primordial metric fluctuations.
The nonsymmetric Kaluza–Klein (Jordan–Thiry) Theory unifies the gauge invariance prin-
ciple with the coordinate invariance principle but in more than four-dimensional space-time. In
particular in the case of electromagnetic and gravitational interactions in 5-dimensional theory.
A general nonabelian Yang–Mills fields have been unified with gravity in (n+ 4)-dimensional
space-time (n—a dimension of gauge group). The theory uses a nonsymmetric metric defined on a
metrized (in a nonsymmetric way) principal fibre bundle over a space-time with a structural group
U(1) in an electromagnetic case and in general case nonabelian semi-simple compact group G.
The connection on space-time and on a metrized principal fibre bundle is compatible with this
metric. This connection is similar to a connection from Einstein’s Unified Field Theory, however
we use its higher dimensional analogue. This connection is right-invariant with respect to an
action of the group G (a gauge group).
In the electromagnetic case the metric and the connection are bi-invariant with respect to
the group U(1). The theory has been developed to include a scalar field leading to an effective
gravitation constant and space-time dependent cosmological terms. It is possible to extend the
theory to include Higgs’ fields and spontaneous symmetry breaking of a gauge group to get massive
vector boson fields.
The theory is fully relativistic and unifies electromagnetic field, gauge fields, Higgs’ field
and scalar forces with NGT (Nonsymmetric Gravitation Theory) in a nontrivial way. By ‘in
a nontrivial way’ we mean that we get from the theory something more than NGT, ordinary
Kaluza–Klein (ordinary Jordan–Thiry) Theory, classical electrodynamics, Yang–Mills’ field theory
with Higgs’ field and spontaneous symmetry breaking. These new features are some kind of
“interference effects” between all of them. This theory unifies two important approaches in higher-
dimensional philosophy: Kaluza–Klein principle and a dimensional reduction principle. A Dark
Matter and a Dark Energy are “interference effects” in our unifications. They are geometrized.
There is a controversy between an existence of dark matter and modification of theory of
gravity. The truth probably is in the middle. In our approach, dark matter particles are com-
ing from Nonsymmetric Jordan–Thiry Theory which modifies General Relativity. Dark Matter
(Cosmological Constant, Quintessence) is also coming from Nonsymmetric Jordan–Thiry Theory.
Dark Matter and Dark Energy in our approach are strongly combined.
For a Dark Matter Problem see Refs [16, 17, 18, 19]. In Ref. [18] someone finds a correlation
coming to fundamental scale of an acceleration in galaxies. This supports a claim for modification
of GR. In Ref. [19] someone denied it, i.e. there is an absence of such a scale. This supports
existence of Dark Matter. A Dark Energy (Cosmological Constant) has been discovered in Refs
[20, 21].
According to modern ideas our Universe is contemporary described by Robertson–Walker
spatially flat metric. A model of the Universe is Friedman–Lemaître model with a cosmological
constant (a dark energy). The model contains pressureless dust matter (see Ref. [22, 23]):
• ordinary matter (barionic matter) 4.9%
• dark matter (cold dark matter) 26.8%
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• dark energy 68.3%.
A dark energy is coming from a cosmological constant which can have a dynamical origin as in
the Nonsymmetric Kaluza–Klein (Jordan–Thiry) Theory. A dark matter is needed on the level
of galaxies, clusters of galaxies and on the level of whole Universe. This matter is considered as
pressureless dust. Moreover, we expect a dark matter to consist of some elementary particles to be
discovered. However, up to now we did not detect such particles. They must interact very weakly
with our detectors (i.e. with ordinary matter). There are several concepts of such particles. In the
nonsymmetric Kaluza–Klein (Jordan–Thiry) Theory they are: scalarons (massive) and massive
skewons (see Section 4).
The model of the Universe in NNKKT is ΛCDM-model. Moreover, a dark matter problem
(cold dark matter) seems to be solved because scalarons (spin zero) particles and skewons (spin
one)—pseudovector particles interact very weakly with an ordinary matter (only gravitationally).
The beautiful theories such as Kaluza–Klein theory (a Kaluza miracle) and its descendents
should pass the following test if they are treated as real unified theories. They should incorporate
chiral fermions. Since the fundamental scale in the theory is a Planck’s mass, fermions should
be massless up to the moment of spontaneous symmetry breaking. Thus they should be zero
modes. In our approach they can obtain masses on a dimensional reduction scale. Thus they are
zero modes in (4+n1)-dimensional case. In this way (n1+4)-dimensional fermions are not chiral
(according to very well known Witten’s argument on an index of a Dirac operator). Moreover,
they are not zero modes after a dimensional reduction, i.e., in 4-dimensional case. It means we
can get chiral fermions under some assumptions.
Using a quite old dictionary [24] we paraphrase a notion of Unified Field Theory: Unified Field
Theory—any theory which attempts to express gravitational theory and fundamental interactions
theories within a single unified framework to generalize Einstein’s general theory of relativity alone
and classical theories describing fundamental interactions. In original statement it considers
electromagnetic interactions. In our case this single unified framework is a multidimensional
analogue of a geometry from Einstein’s Unified Field Theory (treated as a generalized gravity)
defined on principal fibre bundles with base manifolds E or E×M and structural groups G or H
(E means space-time, M = G/G0 is a manifold of vacuum states). Thus the definition from an
old dictionary (paraphrased by us) is still valid. Thus this is a unified description of gravitational,
strong, electromagnetic and weak interactions. (In our approach it is possible to get the fifth force,
i.e. nonconstant gravitational “constant”.) For a historical development of unified theories see Refs
[25], [26]. Let us mention that our multidimensional connection is right-invariant with respect to
an action of the group (G or H). On some philosophical considerations see Refs [27], [28].
We expect some nonrelativistic effects leading to nonnewtonian gravity.
The real motivation of this work is to find a geometric unifications of fundamental interactions
of Nature and to find applications in Modern Cosmology including inflation, dark matter and
dark energy using a paradigm of physics, which unifies two fundamental concepts of invariance
in physics: coordinate invariance principle and gauge invariance principle. The first is known
in General Relativity and in vaiable alternative theories of gravitation. The second is known in
Electrodynamics and Yang–Mills field theory. Yang–Mills field theory governs Standard Model,
i.e.: Glashow–Salam–Weiberg (GSW) model of electro-weak interactions and the theory of strong
interactions (QCD) using SU(2)L ×U(1) and SU(3)c groups as gauge groups. It governs also any
Grand Unified Theorems.
We give here a solution for Dark Matter and Dark Energy problem. Our dark matter particles
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are a scalar particle (field Ψ or ϕ or q0) and a vector particle massive skewon field. Dark energy
is a cosmological constant as a stationary value of a potential of self-interaction of Ψ field.
Let us notice that in Ref. [10] we develop a geometrical unification within Nonsymmet-
ric Kaluza–Klein Theory of gravity (described by NGT) and Glashow–Salam–Weinberg model
(a bosonic part of GSW).
In the mentioned paper we get correct values of masses of W± and Z0 bosons and a mass
of a Higgs’ particle. We get a correct value of a Weinberg angle. It means we explain the fact
that θW is smaller than
π
6 (30
◦) by a finite renormalization. In that paper we develop a dielectric
model of a confinement in QCD (confinement from higher dimensions). In the paper we use a real
version of the Nonsymmetric Kaluza–Klein (Jordan–Thiry) Theory. Moreover, all the formulae
are correct in complex and hypercomplex Hermitian version if we change
g[αβ] → ig[αβ] or g[αβ] → Jg[αβ]
where i2 = −1, J2 = 1.
We can do also:
ℓab = hab + iµkab, kab = −kba or
ℓab = hab + Jµkab,
ℓa˜b˜ = h
0
a˜b˜ + iζk
0
a˜b˜, k
0
a˜b˜ = −k0 b˜a˜ or
ℓa˜b˜ = h
0
a˜b˜ + Jζk
0
a˜b˜
and we have ℓ+ab = ℓab, ℓ
+
a˜b˜
= ℓa˜b˜, γ
+
AB = γAB , κ
+
A˜B˜
= κA˜B˜ .
Our claim is as follows: Unified Field Theory = Nonsymmetric Kaluza–Klein (Jordan–Thiry)
Theory + Grand Unified Theory. In some sense this is T.O.E. (Theory of Everything).
We discuss cosmological models involving field Ψ which plays a rôle of a quintessence field
(see Refs [5, 15]). We find inflationary models of the Universe and we discuss a dynamics of
the Higgs field. Higgs’ field dynamics undergoes a second order phase transition which causes a
phase transition in an evolution of the Universe. This ends an inflationary epoch and changes
an evolution of the field Ψ . Afterwards we consider the field Ψ as a quintessence field building
some cosmological models with a quintessence and even with a K-essence. A dynamics of a Higgs
field in several approximations gives us an amount of an inflation. We consider also a fluctuation
spectrum of a primordial fluctuations caused by a Higgs field and a speed up factor of an evolution.
We speculate on a future of the Universe based on our simple model with a special behaviour of
a quintessence.
We consider an infinite tower of scalar fields Ψk(x) coming from the expansion of the field
Ψ(x, y) on the manifold M = G/G0 into harmonics of the Beltrami–Laplace operator. Due
to Friedrichs’ theory we can diagonalize an infinite matrix (with a scale hcr ) of masses for Ψk
transforming them into new fields Ψ ′k. The truncation procedure means here to take a zero mass
mode Ψ0 and equal it to Ψ from the preceding section. This is an extension of our Dark Matter.
Our Dark Matter consists of two particles: a quintessence particle (spin zero) and a skewon
particle (spin one—vector particle). Moreover, we can extend a spectrum of a Dark Matter as
an expansion of Ψ(x, y) field (x ∈ E, y ∈ M = G/G0). We choose in the paper the simplest
possibility: Ψ is a function of x only. In Appendix B we give a more general approach.
Let us give some details of our cosmological models in the Nonsymmetric Kaluza–Klein
(Jordan–Thiry) Theory. According to Refs [5], [15] we have several inflationary scenarios. Our
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models are starting from nonzero vacuum energy (due to cosmological constant present in the
theory) with zero remaining fields (including also Ψ field). We can have second order phase tran-
sition in an evolution of the Universe. It means, we go from one de-Sitter phase to the second one
with creation of energy from vacuum energy. We can calculate an amount of an inflation. The
inflation is driven in this case with Higgs’ fields, the slow-rolling scenario can also be considered.
Moreover, the most interesting scenario is a quintessence inflationary scenario with an inflation
driven by the scalar field Ψ (or ϕ). This scenario can also be extended to two fields inflationary
scenario. In the case of Ψ -inflation field only we start from zero value field Ψ coming to Ψ = Ψ0,
which corresponds to minimum of the self-interacting potential for the field Ψ (or ϕ). This gives
us a value of contemporary cosmological constant. Due to the constants ξ, ζ and also skewsym-
metric fields kab, k
0
a˜b˜
defined on H and M = G/G0 we can turn the obtained value of Λ to the
desired one from observational data. Small oscillations of the field ϕ around zero value give us
quintessence particles—scalar particles—on component of Dark Matter. In this way quintessence
inflationary scenario gives us inflationary model with a calculable fluctuation spectrum and a
cosmological constant for our contemporary epoch. Simultaneously we get candidates for Dark
Matter particles which interact almost only gravitationary. All important features of inflationary
models can be preserved.
Dark Matter and Dark Energy are part of an extended nonsymmetric, scalar tensor gravity.
The field Ψ (introduced in a Jordan–Thiry manner) plays several roles. It induces nonconstant
gravitational “constant”, plays a role of an inflation, being a source of an effective cosmological
constant and also a Dark Matter particle. It is very economous.
In the theory we consider a scalar curvature on a many-dimensional manifold obtained from
the metrized (symmetrically or nonsymmetrically) principal fibre bundles over space-time E or
over E ×M = E × G/G0. This scalar curvature is projected on E or E ×M . Afterwards we
obtain from Palatini variational principle classical field equations. In our approach we do not
consider many-dimensional Einstein equations. Our equations are four-dimensional. We consider
in our theory two cases: ordinary and with spontaneous symmetry breaking. Both cases can
be considered in symmetric and nonsymmetric case. In the case of the Nonsymmetric Kaluza–
Klein (Jordan–Thiry) Theory we are getting new features which are impossible to obtain in the
symmetric case. They are dielectric model of a charge confinement extended (see [2, 4, 10])
to a colour confinement, e.g. in QCD (G = SU(3)). In the case with spontaneous symmetry
breaking and Higgs’ mechanism, we get in the nonsymmetric case a correct pattern of masses
for W±, Z0 and Higgs’ boson with a correct value of a Weinberg angle (this parameter is not
a phenomenological parameter) corrected by a finite renormalization (see Ref. [10]). This is
impossible in the symmetric case. The mass of a Higgs’ boson is too low and a correct finite
renormalization of θW (Weinberg angle) does not work. In the symmetric case we get an enormous
cosmological constant. This value can be taken under control in the nonsymmetric case. In the
nonsymmetric case we get a theory of a Dark Matter and Dark Energy, which we do not get in
the symmetric case. It means we get a massive pseudovector field and massive scalar field as dark
matter particles. We get also a cosmological constant as Dark Energy. In the symmetric case this is
not possible. Scalar field plays several roles in the theory. It is an inflaton field and a quintessence
field as a source of a Dark Energy—a cosmological constant. According to E. Witten argument
(see [29]) on chiral fermions we cannot get those fermions in Kaluza–Klein Theory. Moreover,
we can avoid those arguments considering higher dimensional spinors on E ×M = E ×G/G0 as
zero-modes on E ×M ×H (see Ref [30]). We get Yukawa terms in the theory for fermions. In
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our theory fermions are coupled to the horizontal part of Levi-Civita connection on E ×M ×H.
This connection is nonsymmetric (non-zero torsion). Moreover, the connection is metric with
respect to symmetric part of a metric. We consider as usual test particle motion as many-dimen-
sional geodesic in Levi-Civita connection with respect to symmetric part of a metric projected on
E×M . We obtain new additional charges similar to electric charge connected to a generalization
of a Lorentz force term for Higgs’ field. We get also such Lorentz force term for non-Abelian
gauge field as in Ref. [31]. Our theory due to an existence of a scalar field Ψ (or ϕ) is going to the
nonconstant gravitational constant Geff . Moreover, only in the nonsymmetric case these results
can be considered seriously as in Section 5. Let us notice also that in the nonsymmetric case we
can have to do with two vacuum states (in general)—true and false vacuum states. The theory
is a classical field theory. Moreover, we want to quantize the theory using nonlocal quantization
methods (see Ref. [10] for details).
The paper is organized as follows. In the second section we give elements of the Nonsymmetric
Kaluza–Klein Theory in general non-Abelian case and with spontaneous symmetry breaking and
Higgs’ mechanism. In the third section we give hierarchy of symmetry breaking. The fourth
section is devoted to the Nonsymmetric Jordan–Thiry Theory over V = E × G/G0. In the fifth
section we consider some consequences of an existence of a scalar field Ψ . It means, some non-
Newtonian gravity in nonrelativistic limits. We give some application of Geff in a galactic flat
velocity curve problem without a Dark Matter. In the sixth section we consider geodetic equations
as test particle equations in the Nonsymmetric Jordan–Thiry Theory.
In Appendix A we give some elements of an evolution of a field Ψ (or ϕ) in a “quintessence
inflation”. In Appendix B we give a theory of an additional Dark Matter (a tower of scalar fields).
The paper contains also Conclusions and Prospects for Further Research.
2 Elements of the Nonsymmetric Kaluza–Klein Theory in gen-
eral non-Abelian case and with spontaneous symmetry break-
ing and Higgs’ mechanism
Let P be a principal fibre bundle over a space-time E with a structural group G which is a
semisimple Lie group. On a space-time E we define a nonsymmetric tensor gµν = g(µν) + g[µν]
such that
g = det(gµν) 6= 0
g˜ = det(g(µν)) 6= 0.
(2.1)
g[µν] is called as usual a skewon field (e.g. in NGT, see Refs [6, 32, 33, 34]). In Refs [33, 35] we
have the so-called Einstein–Strauss theory. We define on E a nonsymmetric connection compatible
with gµν such that
Dgαβ = gαδQ
δ
βγ(Γ )θ
γ (2.2)
where D is an exterior covariant derivative for a connection ωαβ = Γ
α
βγθ
γ and Qαβδ is its torsion.
We suppose also
Qαβα(Γ ) = 0. (2.3)
Lower case Greek letters α, β, µ, ν = 1, 2, 3, 4. In this way we have a usual convention for space-
time indices. We introduce on E a second connection
Wαβ =W
α
βγθ
γ (2.4)
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such that
Wαβ = ω
α
β − 23 δαβW (2.5)
W =W γθ
γ = 12(W
σ
γσ −W σσγ)θγ . (2.6)
Now we turn to nonsymmetric metrization of a bundle P . We define a nonsymmetric tensor
γ on a bundle manifold P such that
γ = π∗g ⊕ ℓabθα ⊗ θb (2.7)
where π is a projection from P to E. On P we define a connection ω (a 1-form with values in a Lie
algebra g of G). In this way we can introduce on P (a bundle manifold) a frame θA = (π∗(θα), θa)
such that
θa = λωa, ω = ωaXa, a = 5, 6, . . . , n+ 4, n = dimG = dim g, λ = const.
Thus our nonsymmetric tensor looks like
γ = γABθ
A ⊗ θB, A,B = 1, 2, . . . , n+ 4, (2.8)
ℓab = hab + µkab, (2.9)
where hab is a biinvariant Killing–Cartan tensor on G and kab is a right-invariant skew-symmetric
tensor on G, µ = const.
We have
hab = C
c
adC
d
bc = hab
kab = −kba.
(2.10)
Thus we can write
γ(X,Y ) = g(π′X,π′Y ) + λ2h(ω(X), ω(Y )) (2.11)
γ(X,Y ) = g(π′X,π′Y ) + λ2k(ω(X), ω(Y )) (2.12)
(Cabc are structural constants of the Lie algebra g) (see Eq. (4.9) for comparison).
γ is the symmetric part of γ and γ is the antisymmetric part of γ. We have as usual
[Xa,Xb] = C
c
abXc (2.13)
and
Ω =
1
2
Haµνθ
µ ∧ θνXa (2.14)
is a curvature of the connection ω,
Ω = dω +
1
2
[ω, ω]. (2.15)
The frame θA on P is partially nonholonomic. We have
dθa =
λ
2
(
Haµνθ
µ ∧ θν − 1
λ2
Cabcθ
b ∧ θc
)
6= 0 (2.16)
even if the bundle P is trivial, i.e. for Ω = 0. This is different than in an electromagnetic case
(see Ref. [3]). Our nonsymmetric metrization of a principal fibre bundle gives us a right-invariant
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structure on P with respect to an action of a group G on P (see Ref. [3] for more details). Having
P nonsymmetrically metrized one defines two connections on P right-invariant with respect to an
action of a group G on P . We have
γAB =
(
gαβ 0
0 ℓab
)
(2.17)
in our lift horizontal frame θA.
DγAB = γADQ
D
BC(Γ )θ
C (2.18)
QDBD(Γ ) = 0 (2.19)
where D is an exterior covariant derivative with respect to a connection ωAB = Γ
A
BCθ
C on P
and QABC(Γ ) its torsion.
Let us notice the following fact. A metric (nonsymmetric) tensor (2.17) is diagonal. It does
not mean that the tensor is trivial. For the frame (2.16) is nonholonomic, the vector field (a gauge
field) is present and calculations of a connection and a curvature of a connection (a little different
formulae than in the holonomic case) gives the results given here (see Ref. [3]). In this case we
can understand a power of differential forms calculations. They are much easier than the ordinary
ones.
In this case nondiagonal parts of a metric tensor are not coming from quantum fluctuations.
They are effects of a nonzero curvature of a gauge connection.
One can solve Eqs (2.18)–(2.19) getting the following results
ωAB =
(
π∗(ωαβ)− ℓdbgµαLdµβθb Laβγθγ
ℓbdg
αβ(2Hdγβ − Ldγβ)θγ ω˜ab
)
(2.20)
where gµα is an inverse tensor of gαβ
gαβg
γβ = gβαg
βγ = δγα, (2.21)
Ldγβ = −Laβγ is an Ad-type tensor on P such that
ℓdcgµβg
γµLdγα + ℓcdgαµg
µγLdβγ = 2ℓcdgαµg
µγHdβγ , (2.22)
ω˜ab = Γ˜
a
bcθ
c is a connection on an internal space (typical fibre) compatible with a metric ℓab such
that
ℓdbΓ˜
d
ac + ℓadΓ˜
d
cb = −ℓdbCdac (2.23)
Γ˜ aba = 0, Γ˜
a
bc = −Γ˜ acb (2.24)
and of course Q˜aba(Γ˜ ) = 0 where Q˜
a
bc(Γ ) is a torsion of the connection ω˜
a
b.
We also introduce an inverse tensor of g(αβ)
g(αβ)g˜
(αγ) = δγβ . (2.25)
We introduce a second connection on P defined as
WAB = ω
A
B − 4
3(n + 2)
δABW. (2.26)
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W is a horizontal one form
W = horW (2.27)
W =W νθ
ν = 12(W
σ
νσ −W σσν). (2.28)
In this way we define on P all analogues of four-dimensional quantities from NGT (see Refs
[6, 32]). It means, (n + 4)-dimensional analogues from Moffat theory of gravitation, i.e. two
connections and a nonsymmetric metric γAB. Those quantities are right-invariant with respect to
an action of a group G on P . One can calculate a scalar curvature of a connection WAB getting
the following result (see Refs [1, 3]):
R(W ) = R(W )− λ
2
4
(
2ℓcdH
cHd − ℓcdLcµνHdµν
)
+ R˜(Γ˜ ) (2.29)
where
R(W ) = γAB
(
RCABC(W ) +
1
2 R
C
CAB(W )
)
(2.30)
is a Moffat–Ricci curvature scalar for the connection WAB, R(W ) is a Moffat–Ricci curvature
scalar for the connectionWαβ, and R˜(Γ˜ ) is a Moffat–Ricci curvature scalar for the connection ω˜
a
b,
Ha = g[µν]Haµν (2.31)
Laµν = gαµgβνLaαβ. (2.32)
Usually in ordinary (symmetric) Kaluza–Klein Theory one has λ = 2
√
GN
c2 , where GN is a New-
tonian gravitational constant and c is the speed of light. In our system of units GN = c = 1 and
λ = 2. This is the same as in Nonsymmetric Kaluza–Klein Theory in an electromagnetic case
(see Refs [3, 4]). In the non-Abelian Kaluza–Klein Theory which unifies GR and Yang–Mills field
theory we have a Yang–Mills lagrangian and a cosmological term. Here we have
LYM = − 1
8π
ℓcd
(
2HcHd − LcµνHdµν
)
(2.33)
and R˜(Γ˜ ) plays a role of a cosmological term.
Lagrangian (2.33) in the five-dimensional case (G = U(1)) gives nonsingular (finite energy)
solutions which are absent in the ordinary (symmetric) Kaluza–Klein theory (see Ref. [4]).
Let us notice the following fact. In Refs [31, 36, 37] one uses generalizations of the Kaluza–
Klein theory to an arbitrary non-Abelian group. In this case one is getting also an enormous
cosmological constant. In the case of a nonsymmetric non-Abelian Kaluza–Klein theory this
problem can be solved as described here. We can even nivel the constant to zero.
Our theory is a classical field theory and a cosmological constant is coming from the geometry.
Let us notice the following fact. Hdµν is a curvature of the connection ω defined on a fibre
bundle P ,
H = Haµνθ
µ ∧ θνXa.
If we take a local section e : E → P we get F aµνθµ ∧ θνXa = e∗(Haµνθµ ∧ θν)Xa. In terms of
differential forms one gets
e∗H = F = dA+ [A,A] = F aµνθµ ∧ θνXa,
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where A = e∗ω. This is the same as a conventional strength of Yang–Mills field. The relations of
both formalisms can be found in Appendix A of Ref. [9] and in Section 2, Elements of geometry,
of Ref. [10]. The indices µ, ν are of the same nature as α, β. All kinds of indices are explained
above (and in more general case below). In this case Greek lower case letters are connected to
space-time E.
In order to incorporate a spontaneous symmetry breaking and Higgs’ mechanism in our geo-
metrical unification of gravitation and Yang–Mills’ fields we consider a fibre bundle P over a base
manifold E × G/G0, where E is a space-time, G0 ⊂ G, G0, G are semisimple Lie groups. Thus
we are going to combine a Kaluza–Klein theory with a dimensional reduction procedure.
Let P be a principal fibre bundle over V = E ×M with a structural group H and with a
projection π, where M = G/G0 is a homogeneous space, G is a semisimple Lie group and G0 its
semisimple Lie subgroup. Let us suppose that (V, γ) is a manifold with a nonsymmetric metric
tensor
γAB = γ(AB) + γ[AB]. (2.34)
The signature of the tensor γ is ( +−−−, −−− · · · −︸ ︷︷ ︸
n1
). Let us introduce a natural frame on P
θA˜ = (π∗(θA), θ0 = λωa), λ = const. (2.35)
It is convenient to introduce the following notation. Capital Latin indices with tilde A˜, B˜, C˜
run 1, 2, 3, . . . ,m + 4, m = dimH + dimM = n + dimM = n + n1, n1 = dimM , n = dimH.
Lower Greek indices α, β, γ, δ = 1, 2, 3, 4 and lower Latin indices a, b, c, d = n1 + 5, n2 + 5, . . . ,
n1+6, . . . ,m+4. Capital Latin indices A,B,C = 1, 2, . . . , n1+4. Lower Latin indices with tilde
a˜, b˜, c˜ run 5, 6, . . . , n1+4. The symbol over θ
A and other quantities indicates that these quantities
are defined on V . We have of course
n1 = dimG− dimG0 = n2 − (n2 − n1),
where dimG = n2, dimG0 = n2 − n1, m = n1 + n.
On the group H we define a bi-invariant (symmetric) Killing–Cartan tensor
h(A,B) = habA
aBb. (2.36)
We suppose H is semisimple, it means det(hab) 6= 0. We define a skew-symmetric right-invariant
tensor on H
k(A,B) = kbcA
bBc, kbc = −kcb.
Let us turn to the nonsymmetric metrization of P .
κ(X,Y ) = γ(X,Y ) + λ2ℓabω
a(X)ωb(Y ) (2.37)
(see Eq. (4.9) for comparison), where
ℓab = hab + ξkab (2.38)
is a nonsymmetric right-invariant tensor on H. One gets in a matrix form (in the natural frame
(2.35))
κA˜B˜ =
(
γAB 0
0 ℓab
)
, (2.39)
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det(ℓab) 6= 0, ξ = const and real, then
ℓabℓ
ac = ℓbaℓ
ca = δcb. (2.40)
The signature of the tensor κ is (+,−−−,− · · · −︸ ︷︷ ︸
n1
, −− · · · −︸ ︷︷ ︸
n
). As usual, we have commutation
relations for Lie algebra of H, h
[Xa,Xb] = C
c
abXc. (2.41)
This metrization of P is right-invariant with respect to an action of H on P .
Let us take a local section e : E → P and attach to it a frame va, a = 5, 6, . . . , n+4, selecting
Xµ = const on a fibre in such a way that e is given by the condition e∗va = 0 and the fundamental
fields ζa such that v
a(ζb) = δ
a
b satisfy
[ζa, ζb] =
1
λ
Ccbcζc. (2.42)
Thus we have
ω =
1
λ
vaXa + π
∗(Aaµθµ)Xa
where e∗ω = A = AaµθµXa. In this frame the tensor γ takes the form
γAB =
(
gαβ + λ
2ℓabA
a
αA
b
β λℓcbA
c
α
λℓacA
c
β ℓab
)
(ℓab = hab + µkab). (2.43)
This frame is also unholonomic
dva = − 1
2λ
Cabcv
b ∧ vc. (2.44)
On the same footing we can consider a tensor κA˜B˜ getting the formula
κA˜B˜ =
(
γAB + λ
2ℓabA
a
AA
b
B λℓcbA
c
A
λℓacA
c
B ℓab
)
.
Moreover, now ω is defined on principal fibre bundle over E×M and a local section e : E×M → P
gives us
e∗ω = AaAθAXa = (Aaαθα +Aaa˜θa˜)Xa.
Similarly as in the previous case we attach a frame va selecting on a fibre XA = const in such a
way that e is given by the condition e∗va = 0. A dual frame to va is the same as before, i.e. the
formula (2.42), and the formula (2.44) is also satisfied.
It is easy to see that now
ω =
1
λ
vaXa + π
∗(Aaµθµ)Xa + π∗(Aam˜θm˜)Xa
and κA˜B˜ looks like
κA˜B˜ =
gαβ + λ
2ℓabA
a
αA
b
β λℓacA
c
α λℓacA
c
a˜
λℓacA
c
β r
2ga˜b˜ + λ
2ℓabA
a
a˜A
b
b˜ 0
λℓacA
c
b˜ 0 ℓab
 .
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Let us rewrite the last formula in the following way:
κA˜B˜ =
gαβ + λ
2ℓabA
a
αA
b
β λℓacA
c
α λℓacΦ
c
a˜
λℓacA
c
β r
2ga˜b˜ + λ
2ℓabΦ
a
a˜Φ
b
b˜ 0
λℓacΦ
c
b˜ 0 ℓab
 . (2.45)
In this way a multidimensional field AaA is a source of a gauge field A
a
α and a scalar field Φ
c
b˜.
Now it is easy to see that a vector (gauge) field and a scalar (Higgs) field are coming from tensor
γAB or κA˜B˜.
For comparison see
κA˜B˜ =
(
γAB 0
0 ℓab
)
=
γαβ 0 00 r2ga˜b˜ 0
0 0 ℓab
 (2.46)
in a unholonomic frame used by us.
In order to connect two formalisms one writes
γABθ
A ⊗ θB.
Taking for
θα = π∗(θα)
and for
θa = va + π∗(Aaµθµ),
it is easy to see that we get formula (2.43).
In the more general case with a spontaneous symmetry breaking one writes
κA˜B˜θ
A˜ ⊗ θB˜.
Taking for
θα = π∗(θα)
and for
θa = va + π∗(Aaµθµ) + π∗(Φam˜θm˜)
it is easy to see that we get formula (2.45).
We do not repeat consideration from the previous part of the paper because we consider a
nonsymmetric Kaluza–Klein Theory on principal bundle over E ×M = E × G/G0, not on E.
Due to this and some additional symmetries we get also Higgs’ field. The Higgs’ field is a part
of vector field on E ×M . A scalar part is over M . Roughly speaking, the scalar field is a part
of a vector field over M (it is not a surprise). Moreover, in order to get a desired spontaneous
symmetry breaking and Higgs’ mechanism we should add some additional assumptions concerning
a connection on a principal bundle P (see the next part of the paper).
Some calculations using a tensor in a partially nonholonomic frame seem to be very tedious
(it is a power of differential forms calculus to avoid this).
Now we should nonsymmetrically metrize M = G/G0. M is a homogeneous space for G (with
left action of group G). Let us suppose that the Lie algebra of G, g has the following reductive
decomposition
g = g0 +˙ m (2.47)
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where g0 is a Lie algebra of G0 (a subalgebra of g) and m (the complement to the subalgebra g0)
is AdG0 invariant, +˙ means a direct sum. Such a decomposition might be not unique, but we
assume that one has been chosen. Sometimes one assumes a stronger condition for m, the so
called symmetry requirement,
[m,m] ⊂ g0. (2.48)
Let us introduce the following notation for generators of g:
Yi ∈ g, Yı˜ ∈ m, Yaˆ ∈ g0. (2.49)
This is a decomposition of a basis of g according to (2.47). We define a symmetric metric on M
using a Killing–Cartan form on G in a classical way. We call this tensor h0.
Let us define a tensor field h0(x) on G/G0, x ∈ G/G0, using tensor field h on G. Moreover,
if we suppose that h is a biinvariant metric on G (a Killing–Cartan tensor) we have a simpler
construction.
The complement m is a tangent space to the point {εG0} of M , ε is a unit element of G. We
restrict h to the space m only. Thus we have h0({εG0}) at one point of M . Now we propagate
h0({fG0}) using a left action of the group G
h0({fG0}) = (L−1f )∗(h0({εG0})).
h0({εG0}) is of course AdG0 invariant tensor defined on m and L∗fh0 = h0.
We define on M a skew-symmetric 2-form k0. Now we introduce a natural frame on M . Let
f ijk be structure constants of the Lie algebra g, i.e.
[Yj , Yk] = f
i
jkYi. (2.50)
Yj are generators of the Lie algebra g. Let us take a local section σ : V → G/G0 of a natural bundle
G 7→ G/G0 where V ⊂ M = G/G0. The local section σ can be considered as an introduction of
a coordinate system on M .
Let ωMC be a left-invariant Maurer–Cartan form and let
ωσMC = σ
∗ωMC . (2.51)
Using decomposition (2.47) we have
ωσMC = ω
σ
0 + ω
σ
m = θ̂
ıŶı + t
a˜Ya˜. (2.52)
It is easy to see that θa˜ is the natural (left-invariant) frame on M and we have
h0 = h0a˜b˜θ
a˜ ⊗ θb˜ (2.53)
k0 = k0a˜b˜θ
a˜ ∧ θb˜. (2.54)
According to our notation a˜, b˜ = 5, 6, . . . , n1 + 4.
Thus we have a nonsymmetric metric on M
γa˜b˜ = r
2(h0a˜b˜ + ζk0a˜b˜) = r2ga˜b˜. (2.55)
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Thus we are able to write down the nonsymmetric metric on V = E ×M = E ×G/G0
γAB =
(
gαβ 0
0 r2ga˜b˜
)
(2.56)
where
gαβ = g(αβ) + g[αβ]
ga˜b˜ = h
0
a˜b˜ + ζk
0
a˜b˜
k0a˜b˜ = −k0b˜a˜
h0a˜b˜ = h
0
b˜a˜,
α, β = 1, 2, 3, 4, a˜, b˜ = 5, 6, . . . , n1 + 4 = dimM + 4 = dimG − dimG0 + 4. The frame θa˜ is
unholonomic:
dθa˜ =
1
2
κa˜b˜c˜θ
b˜ ∧ θc˜ (2.57)
where κa˜b˜c˜ are coefficients of nonholonomicity and depend on the point of the manifoldM = G/G0
(they are not constant in general). They depend on the section σ and on the constants f a˜b˜c˜.
We have here three groups H,G,G0. Let us suppose that there exists a homomorphism µ
between G0 and H,
µ : G0 → H (2.58)
such that a centralizer of µ(G0) in H, C
µ is isomorphic to G. Cµ, a centralizer of µ(G0) in H,
is a set of all elements of H which commute with elements of µ(G0), which is a subgroup of H.
This means that H has the following structure, Cµ = G.
µ(G0)⊗G ⊂ H. (2.59)
If µ is a isomorphism between G0 and µ(G0) one gets
G0 ⊗G ⊂ H. (2.60)
Let us denote by µ′ a tangent map to µ at a unit element. Thus µ′ is a differential of µ acting on
the Lie algebra elements. Let us suppose that the connection ω on the fibre bundle P is invariant
under group action of G on the manifold V = E ×G/G0. According to Refs [38, 39, 40, 41] this
means the following.
Let e be a local section of P , e : V ⊂ U → P and A = e∗ω. Then for every g ∈ G there exists
a gauge transformation ρg such that
f∗(g)A = Adρ−1g A+ ρ
−1
g dgg, (2.61)
f∗ means a pull-back of the action f of the group G on the manifold V . According to Refs
[34, 38, 39, 40, 41, 42] (see also Refs [43, 44, 45, 46, 47, 48, 49]) we are able to write a general
form for such an ω. Following Ref. [41] we have
ω = ω˜E + µ
′ ◦ ωσ0 + Φ ◦ ωσm. (2.62)
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(An action of a group G on V = E × G/G0 means left multiplication on a homogeneous space
M = G/G0.) where ω
σ
0 + ω
σ
m = ω
σ
MC are components of the pull-back of the Maurer–Cartan
form from the decomposition (2.52), ω˜E is a connection defined on a fibre bundle Q over a space-
time E with structural group Cµ and a projection πE. Moreover, C
µ = G and ω˜E is a 1-form
with values in the Lie algebra g. This connection describes an ordinary Yang–Mills’ field gauge
group G = Cµ on the space-time E. Φ is a function on E with values in the space S˜ of linear
maps
Φ : m→ h (2.63)
satisfying
Φ([X0,X]) = [µ
′X0, Φ(X)], X0 ∈ g0. (2.64)
Thus
ω˜E = ω˜
i
EYi, Yi ∈ g,
ωσ0 = θ̂
ıŶı, Ŷı ∈ g0,
ωσm = θ
a˜Ya˜, Ya˜ ∈ m.
(2.65)
Let us write condition (2.62) in the base of left-invariant form θ̂ı, θa˜, which span respectively
dual spaces to g0 and m (see Refs [48, 49]). It is easy to see that
Φ ◦ ωσm = Φaa˜(x)θa˜Xa, Xa ∈ h (2.66)
and
µ′ = µaı̂θ̂
ıXa. (2.67)
From (2.64) one gets
Φc
b˜
(x)f b˜
ı̂a˜
= µa
ı̂
Φba˜(x)C
c
ab (2.68)
where f b˜
ı̂a˜
are structure constants of the Lie algebra g and Ccab are structure constants of the Lie
algebra h. Eq. (2.68) is a constraint on the scalar field Φaa˜(x). For a curvature of ω one gets
Ω =
1
2
HCABθ
A ∧ θBXC = 1
2
H˜ iµνθ
µ ∧ θναciXc +
gauge
∇µ Φca˜θµ ∧ θa˜Xc
+
1
2
CcabΦ
a
a˜Φ
b
b˜
θa˜ ∧ θb˜Xc − 1
2
Φc
d˜
f d˜
a˜b˜
θa˜ ∧ θb˜Xc. (2.69)
Thus we have
Hcµν = α
c
iH˜
i
µν (2.70)
Hcµa˜ =
gauge
∇µ Φca˜ = −Hca˜µ (2.71)
Hca˜b˜ = C
c
ab · Φaa˜Φbb˜ − µcı̂f ı̂a˜b˜ − Φcd˜f d˜a˜b˜ (2.72)
(see Section 4 for comparison), where
gauge
∇µ means gauge derivative with respect to the connection
ω˜E defined on a bundle Q over a space-time E with a structural group G
Yi = α
c
iXc. (2.73)
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H˜ iµν is the curvature of the connection ωE in the base {Yi}, generators of the Lie algebra of the
Lie group G, g, αci is the matrix which connects {Yi} with {Xc}. Now we would like to remind
that indices a, b, c refer to the Lie algebra h, a˜, b˜, c˜ to the space m (tangent space to M), ı̂, ̂, k̂ to
the Lie algebra g0 and i, j, k to the Lie algebra of the group G, g. The matrix α
c
i establishes a
direct relation between generators of the Lie algebra of the subgroup of the group H isomorphic
to the group G.
The connection on principal fibre bundle over E × G/G0 consists of two parts: vector fields
(gauge fields) over E and scalar fields (vector fields over M = G/G0). Due to this an ordinary
lagrangian of multidimensional vector fields is divided into some parts involving ordinary gauge
fields, Higgs’ fields (scalar fields) and interacting terms. We called the scalar field Higgs’ field,
because we get spontaneous symmetry breaking and Higgs’ mechanism.
Let us come back to a construction of the Nonsymmetric Kaluza–Klein Theory on a mani-
fold P . We should define connections. First of all, we should define a connection compatible with
a nonsymmetric tensor γAB , Eq. (2.56),
ωAB = Γ
A
BCθ
C (2.74)
DγAB = γADQ
D
BC(Γ )θ
C (2.75)
QDBD(Γ ) = 0
where D is the exterior covariant derivative with respect to ωAB and Q
D
BC(Γ ) its torsion.
Using (2.56) one easily finds that the connection (2.74) has the following shape
ωAB =
(
π∗E(ω
α
β) 0
0 ̂¯ωa˜b˜
)
(2.76)
where ωαβ = Γ
α
βγθ
γ is a connection on the space-time E and ω̂a˜b˜ = Γ̂
a˜
b˜c˜θ
c˜ on the manifold
M = G/G0 with the following properties
Dgαβ = gαδQ
δ
βγ(Γ )θ
γ = 0 (2.77)
Qαβα(Γ ) = 0 (2.78)
D̂ga˜b˜ = ga˜d˜Q̂
d˜
b˜c˜(Γ̂ ). (2.79)
Q̂d˜b˜d˜(Γ̂ ) = 0
D is an exterior covariant derivative with respect to a connection ωαβ. Q
α
βγ is a tensor of
torsion of a connection ωαβ. D̂ is an exterior covariant derivative of a connection ω̂
a˜
b˜ and Q̂
a˜
b˜c˜(Γ̂ )
its torsion.
On a space-time E we also define the second affine connection Wαβ such that
Wαβ = ω
α
β − 2
3
δαβW, (2.80)
where
W =W γθ
γ = 12(W
σ
γσ −W σγσ).
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We proceed a nonsymmetric metrization of a principal fibre bundle P according to (2.56). Thus
we define a right-invariant connection with respect to an action of the group H compatible with
a tensor κA˜B˜
DκA˜B˜ = κA˜D˜Q
D˜
B˜C˜(Γ )θ
C˜ (2.81)
QD˜B˜D˜(Γ ) = 0
where ωA˜B˜ = Γ
A˜
B˜C˜ θ˜
C˜ . D is an exterior covariant derivative with respect to the connection ωA˜B˜
and QA˜B˜C˜ its torsion. After some calculations one finds
ωA˜B˜ =
(
π∗(ωAB)− ℓdbγMALdMBθb LaBCθC
ℓbdγ
AB(2HdCB − LdCB)θC ω˜ab
)
(2.82)
(comp. to Eq. (4.11)), where
LdMB = −LdBM (2.83)
ℓdcγMBγ
CMLdCA + ℓcdγAMγ
MCLdBC = 2ℓcdγAMγ
MCHdBC , (2.84)
LdCA is Ad-type tensor with respect to H (Ad-covariant on P )
ω˜ab = Γ˜
a
bcθ
c (2.85)
ℓdbΓ˜
d
ac + ℓadΓ˜
d
cb = −ℓdbCdac (2.86)
Γ˜ dac = −Γ˜ dca, Γ˜ dad = 0. (2.87)
The connection (2.82) is a connection defined on a nonsymmetrically metrized principal fibre
bundle over E ×M , i.e. its (n+ n1+4)-dimensional. It contains vector field (gauge field) over E
and also Higgs’ field (scalar field) unified with nonsymmetric gravity.
We define on P a second connection
W A˜B˜ = ω
A˜
B˜ −
4
3(m+ 2)
δA˜B˜W. (2.88)
Thus we have on P all (m+ 4)-dimensional analogues of geometrical quantities from NGT, i.e.
W A˜B˜ , ω
A˜
B˜ and κA˜B˜ .
Let us calculate a Moffat–Ricci curvature scalar for the connection W A˜B˜
R(W ) = κA˜B˜
(
RC˜A˜B˜C˜(W ) +
1
2R
C˜
C˜A˜B˜(W )
)
(2.89)
(see Eq. (4.16) for comparison), where RC˜C˜A˜B˜(W ) is a curvature tensor for a connection W
A˜
B˜
and κA˜B˜ is an inverse tensor for κA˜B˜
κA˜C˜κA˜B˜ = κ
C˜A˜κB˜A˜ = δ
C˜
B˜ . (2.90)
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Using results from Ref. [1] one gets (having in mind some analogies from a theory with a base
space E to the theory with the base space V = E ×M = E ×G/G0)
R(W ) = R(W ) +
1
r2
R(Γ̂ ) +
1
λ2
R˜(Γ˜ )− λ
2
4
ℓab
(
2HaHb − LaMNHbMN
)
(2.91)
(see Eq. (4.17) for comparison) where R(W ) is a Moffat–Ricci curvature scalar on the space-
time E for a connection Wαβ, R(Γ̂ ) is a Moffat–Ricci curvature scalar for a connection ω̂
a˜
b˜ on a
homogeneous space M = G/G0, R˜(Γ˜ ) is a Moffat–Ricci curvature scalar for a connection ω˜
a
b,
Ha = γ[AB]Ha[AB] = g
[αβ]Haαβ +
1
r2
g[a˜b˜]Haa˜b˜ (2.92)
LaMN = γAMγBNLaAB = δ
M
µδ
N
γg
αµgβγLaαβ
+
1
r2
(
gαµgb˜n˜Laαb˜ + g
a˜n˜gβγLaa˜β
)
δMµδ
N
n˜ +
1
r4
ga˜m˜gb˜n˜Laa˜b˜δ
M
m˜δ
N
n˜. (2.93)
One finds that
− ℓabLaMNHbMN = −ℓab
(
gαµgβνLaαβH
b
µν +
2
r2
gαµgb˜n˜Laαb˜H
b
µn˜ +
1
r4
ga˜m˜gb˜n˜Laa˜b˜H
b
m˜n˜
)
= −ℓab
(
LaµνHbµν +
2
r2
gb˜n˜Lαµb˜H
b
µn˜ +
1
r4
ga˜m˜gb˜n˜Laa˜b˜H
b
m˜n˜
)
. (2.94)
We get conditions from Eq. (2.84)
ℓdcgµβg
γµLdγα + ℓcdgαµg
µγLdβγ = 2ℓcdgαµg
µγHdβγ (2.95)
ℓdcgm˜b˜g
c˜m˜Ldc˜a˜ + ℓcdga˜m˜g
m˜c˜Ldb˜c˜ = 2ℓcdga˜m˜g
m˜c˜Hdb˜c˜ (2.96)
ℓdcgµβg
γµLdγa˜ + ℓcdga˜m˜g
m˜c˜Ldβc˜ = 2ℓcdga˜m˜g
m˜c˜Hdβc˜ (2.97)
Laµν = gαµgβνLaαβ (2.98)
Laµb˜ = g
αµLaµb˜ (2.99)
(see Eqs (4.22)–(4.24) for comparison).
For ℓabH
aHb = habH
aHb we have the following:
habH
aHb = habH
a
0H
b
0 +
2
r2
habH
a
0H
b
1 +
1
r4
habH
a
1H
b
1 (2.100)
where
Ha0 = g
αβHaαβ , H
a
1 = g
[a˜b˜]Haa˜b˜. (2.101)
Finally, we have for a density of R(W ), i.e.√
|κ|R(W ) = √−g rn1
√
|g˜|
√
|ℓ|R(W )
=
√−g rn1
√
|g˜|
√
|ℓ|
(
R(W ) +
R˜(Γ˜ )
λ2
+
1
r2
R(Γ̂ ) +
λ2
4
ℓab
(
2Ha0H
b
0 − LaµνHbµν
)
+
λ2
4r2
ℓab
(
4H(a0H
b)
1 − 2gb˜n˜Laµb˜Hbµn˜
)
+
λ2
4r2
ℓab
(
2Ha1H
b
1 − ga˜m˜gb˜n˜Laa˜b˜Hbm˜n˜
))
. (2.102)
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We define an integral of action
S ∼
∫
U
√
|κ|R(W ) dm+4x, (2.103)
where
U =M ×G× V, V ⊂ E, dm+4x = d4x dµH(h) dm(y),
dµH(h) is a biinvariant measure on a group H and dm(y) is a measure on M induced by a
biinvariant measure on G. R(W ) is a Moffat–Ricci curvature scalar for a connection Wαβ on E.
Let us consider Eqs (2.95)–(2.97) modulo equations (2.70)–(2.72). One gets
ℓijgµβg
γµL˜iγα + ℓjigαµg
µγL˜iβγ = 2ℓjigαµg
µγH˜ iβγ (2.104)
where ℓij = ℓcdα
c
iα
d
j is a right-invariant nonsymmetric metric on the group G and
Lcµν = α
c
iL˜
i
µν . (2.105)
L˜iµν plays a role of an induction tensor for the Yang–Mills’ field with the gauge group G. H˜
i
µν is
of course the tensor of strength of this field. The polarization tensor is defined as usual
L˜iµν = H˜
i
µν − 4πM˜ iµν . (2.106)
We introduce two AdG-type 2-forms with values in the Lie algebra g (of G)
L˜ = 12 L˜
i
µνθ
µ ∧ θνYi (2.107)
M˜ = 12 M˜
i
µνθ
µ ∧ θνYi (2.108)
and we easily write
L˜ = Ω˜E − 4πM˜ = Ω˜E − 12 Q (2.109)
where Q˜ = 12 Q˜
i
µνθ
µ ∧ θνYi, Q˜iµν = αicQcµν . Ω˜E is a 2-form of a curvature of a connection ω˜E
(Eq. (2.65)) in Eq. (2.69) (the first term of this equation).
In this way we get a geometrical interpretation of a Yang–Mills’ induction tensor in terms of
the curvature tensor and torsion in additional dimensions. Afterwards we get
ℓcdgm˜b˜g
c˜m˜Ldc˜a˜ + ℓcdga˜m˜g
m˜c˜Ldb˜c˜ = 2ℓcdga˜m˜g
m˜c˜(CdabΦab˜Φbb˜ − µdı̂f ı̂b˜c˜ − Φdd˜f d˜b˜c˜), (2.110)
ℓcdgµβg
γµLdγa˜ + ℓcdga˜m˜g
m˜c˜Ldβc˜ = 2ℓcdga˜m˜g
m˜c˜
gauge
∇β Φdc˜ . (2.111)
The formula (2.110) is coming from formula (2.96) by using formula (2.72). Formulae (2.95)–
(2.97) are coming from the formula (2.84).
Let us rewrite an action integral
S = − 1
V1V2rn1
∫
U
(
R(W ) dnx
)
dn1x d4x, U = V ×M ×H, V ⊂ E, (2.112)
V1 =
∫
H
√
|ℓ| dnx (2.113)
V2 =
∫
M
√
|g˜| dn1x. (2.114)
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Thus we get
S = −
∫
V
√−g d4xL(W,g, A˜, Φ) (2.115)
where
L(W,g, A˜, Φ)
= R(W ) +
λ2
4
(
8πLYM(A˜) + 2
r2
Lkin(
gauge
∇ Φ) + 1
r4
V (Φ)− 4
r2
Lint(Φ, A˜)
)
+ λc (2.116)
LYM(A˜) = − 1
8π
ℓij
(
2H˜ iH˜j − LiµνH˜jµν
)
(2.117)
(see Eqs (4.34), (4.47), (4.71), (4.75), (4.81) for comparison) is the lagrangian for the Yang–Mills’
field with the gauge group G (see Eq. (2.33)),
Lkin(
gauge
∇ Φ) = 1
V2
∫
M
√
|g˜| dn1x(ℓabgb˜n˜Laµb˜gauge∇µ Φbn˜)
= ℓabg
αµ 1
V2
∫
M
√
|g˜| dn1x(gb˜n˜Laαb˜gauge∇µ Φbn˜) (2.118)
is a kinetic part of a lagrangian for a scalar field Φaa˜. It is quadratic in gauge derivative of Φ
a
a˜ and
is invariant with respect to the action of groups H and G.
V (Φ) =
ℓab
V2
∫
M
√
|g˜| dn1x
[
2g[m˜n˜]
(
CacdΦ
c
m˜Φ
d
n˜ − µaı̂f ı̂m˜n˜ − Φae˜f e˜m˜n˜
)
g[a˜b˜]
(
CbefΦ
e
a˜Φ
f
b˜
− µb̂f ̂a˜b˜ − Φba˜f d˜a˜b˜
)− ga˜m˜gb˜n˜Laa˜b˜(CbcdΦcm˜Φdn˜ − µbı̂f ı̂m˜n˜ − Φbe˜f e˜m˜n˜)] (2.119)
is a self-interacting term for a field Φ. It is invariant with respect to the action of the groups H
and G. This term is a polynomial of fourth order in Φ’s (a Higgs’ field potential term)
Lint(Φ, A˜) = habµaiH˜ig[a˜b˜]
(
CbcdΦ
c
a˜
Φd
b˜
− µbı̂f ı̂a˜b˜ − Φbd˜f d˜a˜b˜
)
(2.120)
where
g[a˜b˜] =
1
V2
∫
M
√
|g˜| dn1x g[a˜b˜] (2.121)
is the term describing non-minimal coupling between the scalar field F and the Yang–Mills’ field.
This term is also invariant with respect to the action of the groups H and G.
λc =
1
λ2
R˜(Γ˜ ) +
1
r2V2
∫
M
√
|g˜| R̂(Γ̂ ) dn1x = 1
λ2
R˜(Γ˜ ) +
1
r2
P˜ . (2.122)
Let us pass to spontaneous symmetry breaking and Higgs’ mechanism in our theory. In order
to do this we look for the critical points (the minima) of the potential V (Φ). However, our field
satisfies the constraints
Φc
b˜
f b˜ı̂a˜ − µaı̂Φba˜Ccab = 0. (2.123)
Thus we must look for the critical points of
V ′ = V + ψı̂d˜c
(
Φc
b˜
f b˜ı̂a˜ − µaı̂Φba˜Ccab
)
(2.124)
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where ψı̂d˜c is a Lagrange multiplier. It is easy to see that, if
Ham˜n˜ = 0 (2.125)
then
δV ′
δΦ
= 0 (2.126)
if (2.123) is satisfied.
Han˜m˜ is a part of the curvature of ω over a manifold M . Thus it means that Φcrt satisfying
Eq. (2.125) is a “pure gauge”. If the potential V (Φ) is positively defined, then we have the absolute
minimum of V
V (Φ0crt) = 0. (2.127)
But apart from this solution there are some others due to an influence of nonsymmetric metric
on H and M . The details strongly depend on constants ξ, ζ and on groups G,G0,H. There are
also some critical which are minima. Moreover, we expect the second critical point Φ1crt 6= Φ0crt
such that V (Φ1crt) 6= 0 and
Ham˜n˜(Φ
1
crt) 6= 0 (2.128)
δV ′
δΦ
(Φicrt) = 0, i = 0, 1. (2.129)
This means that Φ1crt is not a “pure gauge” and a gauge configuration connected to Φ
1
crt is not
trivial. This indicates that the local minimum is not a vacuum state. It is a “false vacuum” in
contradiction to “true vacuum” for the absolute minimum Φ0crt.
Now we answer the question of what is a symmetry breaking if we choose one of the critical
values of Φ0crt (we choose one of the degenerated vacuum states and the spontaneous breaking of
the symmetry takes place). It was shown that if Ham˜n˜ = 0 and Eq. (2.123) is satisfied then the
symmetry is reduced to G0. In the case of the second minimum (local minimum—false vacuum)
the unbroken symmetry will be in general different.
Let us call it G′0 and its Lie algebra g′0. This will be the symmetry which preserves Φ1crt and
the constraint (2.123). It is easy to see that the Lie algebra of this unbroken group preserves Φ1crt
under Ad-action. For the symmetry group V is larger than G (it is H) we expect some scalars
which remain massless after the symmetry breaking in both cases (i.e., i = 0, 1, “true” and false
vacuum case). They became massive only through radiative corrections. They are often referred
as the pseudo-Goldstone bosons.
We can solve explicitly Eq. (2.22) (or (2.95) and (2.104)), see Refs [34], [50], getting
Lnωµ = H
n
ωµ + µh
nakadH
d
ωµ +
(
Hnαωθg
(αδ)g[δµ] −Hnαµθg(αδ)g[δω]
)
− 2µhnakadθg(δτ)θg(αβ)Hdδαg[τω]g[βµ] − 2µhnakadθg(δβ)θg(ατ)Hdβ[ωgµ]τg[δα]
+ 2µ2hnahbckackbdθg
(αβ)Hdα[ωg[µ]β]
(2.130)
(see also Refs [9, 10]).
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The condition (2.97) can be explicitly solved. One gets
Lnωm˜ =
gauge
∇ω Φnm˜ + ξknd
gauge
∇ω Φdm˜ −
(
ζ
gauge
∇ω Φna˜hoa˜d˜kod˜m˜ + θg(αµ)
gauge
∇α Φnm˜g[µω]
)
− 2ξζknd
gauge
∇ω Φdd˜θg(δα)g[αω]hod˜a˜koa˜m˜
+ ξknd
(
ζ2hd˜a˜
gauge
∇ω Φda˜kod˜b˜kom˜c˜hoc˜b˜ +
gauge
∇β Φdm˜θg(δβ)g[δα]g[ωµ]θg(αµ)
)
− ξ2knbkbd
(
ζ
gauge
∇ω Φda˜hoa˜b˜kom˜b˜ + θg(αβ)
gauge
∇α Φdm˜g[ωβ]
)
,
(2.131)
where
knb = hnahbpkap. (2.132)
The condition (2.96) can be explicitly solved too. One gets
Lnw˜m˜ = H
n
w˜m˜ + µk
n
dH
d
w˜m˜ + ζ
(
hoa˜d˜Hna˜w˜k
o
d˜m˜ − hoa˜d˜Hna˜m˜koa˜w˜
)
− 2µζ2hod˜c˜hoa˜b˜Hdd˜a˜koc˜w˜kob˜m˜ − 2µζkndhoa˜p˜hod˜b˜Hdb˜[w˜kom˜]p˜kd˜a˜
+ 2µ2ζknbkbdH
d
a˜[w˜k
o
m˜]p˜h
op˜a˜.
(2.133)
Using the above formulae we can express the Yang–Mills lagrangian in the Nonsymmetric
Nonabelian Kaluza–Klein Theory and the lagrangian for Higgs’ field.
The Yang–Mills lagrangian reads
LYM = 1
8π
(
hnkH
kωµHnωµ − 2hcdHcHd + 2hnkHkωµHnδωg[αµ]θg(αδ)
+ µ
[
2knkH
kωµHnδωθg
(δα)g[αµ] − 2kkdHkωµHdδαθg(δβ)θg(αρ)g[βω]g[ρµ]
− kkdHkωµHdηωθg(ηβ)θg(αρ)g[µα]g[βρ] + kkdHkωµHdηµθg(ηδ)θg(αρ)g[δρ]g[ωδ]
]
+ µ2
[
knkk
n
dH
kωµHdηµθg
(ρβ)θg(ηα)g[ωβ]g[αρ]
− 2knkkndHkωµHdδαθg(δη)θg(αρ)g[ηω]g[ρµ]
− knkkndHkωµHdηωθg(ρα)θg(ηβ)g[µα]g[βρ] + kkbkbdHkωµHdαωθg(αβ)g[µα]
+ kk
bkbdH
kωµHdαωθg
(αβ)g[µα] − kkbkbdHkωµHdαµθg(αβ)g[ωβ]
+ kpnkpkH
kωµHnωµ
]
+ µ3
[
knkk
nbkbdH
kωµHdαωθg
(αβ)g[µβ] − knkknbkbdHkωµHdαµHkωµθg(αβ)g[ωβ]
])
(2.134)
The kinetic term for Higgs’ field is given by
Lkin(∇Φ) = 1
V2
∫
M
√
|g˜| dn1x
[
lnkg
ωµgm˜p˜
gauge
∇µ Φkp˜
{gauge
∇ω Φnm˜ + ξknd
gauge
∇ω Φdm˜
− ζ
gauge
∇ω Φda˜hoa˜q˜koq˜m˜ −
gauge
∇α Φam˜θg(αη)g[ηω]
− 2ξζ
gauge
∇δ Φda˜kndθg(δα)g[αω]hod˜q˜koq˜m˜
− ξ(ζ2kndgauge∇ω Φda˜hob˜q˜hoa˜w˜koq˜m˜kow˜b˜ + kndgauge∇β Φdm˜θg(αν)θg(βρ)g[νω]g[ρα])
+ ξ2
(
ζknbkbd
gauge
∇ω Φda˜hoa˜q˜koq˜m˜ +
gauge
∇α Φdm˜θg(αβ)g[βω]
)}]
(2.135)
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In the case of gµν = ηµν (a Minkowski tensor) one gets
Lkin(∇Φ) = 1
V2
∫
M
√
|g˜| dn1x
[
lnkg
m˜p˜
gauge
∇ω Φkp˜
{gauge
∇ω Φnm˜ + ξknd
gauge
∇ω Φdm˜
− ζ
gauge
∇ω Φda˜koa˜m˜ − ξζ2kndkob˜m˜koa˜b˜
gauge
∇ω Φda˜
+ ξ2ζknbkbdk
oa˜
m˜
gauge
∇ω Φda˜
}]
,
(2.136)
where
gauge
∇ω Φkp˜ = ηωµ
gauge
∇µ Φkp˜, koa˜b˜ = hoa˜c˜koc˜b˜.
A mass matrix for broken gauge bosons can be calculated.
M2ij(Φ
k
crt) =
α2s
~c
1
V2
∫
M
√
|g˜| dn1x
{
lnpg
m˜p˜
(k)
B pp˜i
((k)
B dm˜j + ξk
n
d
(k)
B dm˜j − ζ
(k)
B da˜jk
oa˜
m˜
− ξζ2kndkob˜m˜koa˜b˜
(k)
B da˜j + ξ
2ζknbkbdk
oa˜
m˜
(k)
B da˜j
)}
(2.137)
k = 0, 1, where
(k)
B bn˜i =
[
δm˜n˜C
b
msα
s
i + δ
b
mf
m˜
n˜i
]
[Φkcrt]
m
m˜. (2.138)
In the case of symmetric theory (lab = hab, ga˜b˜ = h
o
a˜b) one gets
M2ij =
α2s
~c
1
V2
∫
M
√
|g˜| dn1x {hbnhom˜p˜Bbp˜iBnm˜j}. (2.139)
The Higgs’ potential is given by
V (Φ) =
1
V2
∫
M
√
|g˜| dn1x
{
gw˜p˜gm˜q˜
[
hnkH
n
w˜m˜ + 2ζhnkH
n
d˜w˜k
od˜
m˜
+ µζ
(
2knkH
n
d˜w˜k
od˜
m˜ + ζ
(−2kkdHdd˜a˜kod˜w˜koa˜m˜
− kkdHdl˜w˜kom˜a˜kol˜a˜ + kkdHdl˜m˜kol˜a˜kow˜a˜
))
+ µ2ζ
(
kn
bkbdH
d
a˜w˜k
o
m˜
a˜ − kkbkbdHda˜m˜kow˜a˜ + ζ
(
knkk
n
dH
d
l˜m˜k
o
w˜
r˜kl˜r˜
− 2knkkndHdd˜a˜kod˜w˜koa˜m˜ − knkkndHdl˜w˜kom˜r˜kd˜r˜
))
+ µ3ζ
(
knkk
nbkbdH
d
a˜w˜k
o
m˜
a˜ − knkknbkbdHda˜m˜kow˜a˜
)] ·Hkp˜q˜
− 2hcd
(
Hcp˜q˜g
[p˜q˜])(Hda˜b˜g[a˜b˜])}
(2.140)
or
V (Φ) =
1
V2
∫
M
√
|g˜| dn1x
(
Pkl
[p˜q˜][a˜b˜]Hkp˜q˜H
l
a˜b˜ − 2hkl
(
Hkp˜q˜g
[p˜q˜])(H la˜b˜g[a˜b˜]))
=
1
V2
∫
M
√
|g˜| dn1xQsk [c˜d˜][p˜q˜]Hsc˜d˜Hkp˜q˜
Qsk
[c˜d˜][p˜q˜] = Qks
[p˜q˜][c˜d˜] = −Qsk[d˜c˜][p˜q˜] = −Qsk[c˜d˜][q˜p˜] = Qsk [d˜c˜][q˜p˜]
(2.141)
23
Psk
[c˜d˜][p˜q˜] = g[c˜[p˜gd˜]q˜]hsk − 2ζhskko[d˜|e˜|gc˜][p˜g|e˜|q˜]
+ µζ
(
−2kskko[d˜|e˜|gc˜][p˜g|e˜|q˜] + ζ
(
2kskk
o[c˜|e˜|kod˜]f˜g
e˜[p˜g|f˜ |q˜]
− kskkoe˜a˜ko[d˜|a˜|gc˜][p˜g|e˜|q˜] − kskko[c˜|a˜|gd˜][q˜g|e˜|p˜]koe˜a˜
))
+ µ2ζ
(
−kbskkbko[d˜|a˜|gc˜][p˜g|a˜|q˜] − kbskkbkoa˜[c˜g|a˜|[p˜gd˜]q˜]
+ ζ
(
knsknkk
o
a˜
r˜ko[c˜|r˜|ga˜[p˜gd˜]q˜] − 2knsknkko[c˜|e˜|kod˜]f˜ge˜[p˜g|f˜ |q˜]
))
+ µ3ζ
(−kbsknbknkkoe˜[d˜gc˜][p˜g|e˜|q˜] − kbsknbknskoe˜[c˜g|e˜|[p˜gd˜]q˜])
+ µ2g[c˜[p˜gd˜]q˜]kpskpk
Qsk
[c˜d˜][p˜q˜] = Psk
[c˜d˜][p˜q˜] − 2hskg[c˜d˜]g[p˜q˜]
(2.142)
One can decompose the Higgs field into independent components in the following way
Φc
b˜
= Φ˜c
b˜
=
∑
(ni,n′j)
(
Φ
(ni,n′j)
mj
)c
b˜
(2.143)
where
AdG
∣∣
G0
=
∑
i
⊕ni ⊕AdG0 (2.144)
AdH
∣∣
G0⊕G =
∑
j
⊕(n′j ⊗mj). (2.145)
ni are irreducible representations of G0 and mj are irreducible representations of G. In the sum
(2.143) ni and n
′
j are identical representations of G0 from (2.144) and (2.145) decomposition. In
this way a constraint is satisfied identically and we can put Φ˜c
b˜
given by (2.143) into (2.132)–
(2.133), (2.134)–(2.141). Thus the analysis of a mass spectrum in the theory can be simplified
(a little).
For k = 0, Φ0crt, H
k
p˜q˜ = 0 one gets the following matrix for Higgs’ bosons
m2h˜f
e˜
a =
−1
V2
∫
M
{
8Qsk
[e˜a˜][h˜q˜]CsacC
k
ef (Φ
0
crt)
c
a˜(Φ
0
crt)
e
q˜
− 2Qas[p˜q˜][h˜a˜]f e˜p˜q˜Csef (Φ0crt)ea˜ + 4Qsf [e˜a˜][p˜q˜]f h˜p˜q˜Csea(Φ0crt)aa˜
+Qaf
[c˜d˜][p˜q˜]f ec˜d˜f
h˜
p˜q˜
}√|g˜| dn1x
(2.146)
For k = 1, Φ1crt, H
k
p˜q˜ 6= 0 and Φ1crt (if exists) satisfies the following equation:
2Qsk
[e˜a˜][p˜q˜]Csac(Φ
1
crt)
c
a˜ = Qak
[c˜d˜][p˜q˜]f e˜c˜d˜ (2.147)
and a supplementary condition
Φc
b˜
f b˜
ı̂d˜
− µa
ı̂
Φba˜C
c
ab = 0. (2.148)
A mass matrix for Higgs’ bosons looks like
m2h˜f
e˜
a =
−1
V2
∫
M
(
4Qsk
[e˜h˜][p˜q˜]Hkp˜q˜(Φ
1
crt)C
s
af
)√|g˜| dn1x. (2.149)
Hbm˜n˜(Φ
k
crt) = C
b
cd(Φ
k
crt)
c
n˜(Φ
k
crt)
d
m˜ − µbı̂f ı̂n˜m˜ − (Φkcrt)bc˜f c˜n˜m˜. (2.150)
Hbm˜n˜(Φ
0
crt) = 0 (2.151)
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Finally, let us give a formula for a lagrangian of an electromagnetic field in the NKK.
Lem = 1
8π
(
2
(
g[µν]Fµν
)2 − (gµαgνβ − gνβθg(µα) + gνβgµωθg(τα)gωτ )FαβFµν) (2.152)
In order to calculate cosmological terms in the theory it is necessary to know Einstein–
Kaufmann connections on a group G and on a homogeneous manifold M = G/G0. Let us
give those connections. On a group G a right invariant Einstein–Kaufmann connection reads:
Γ nwm = −12 Cnwm + 12
(
Kwm
n − 2µ2k[maKw]abknb
)
+ hme
{
µKe(w
akm)a + µ
2kc
b[k(mckwcKw)abkea −Keabk(wakm)c]} (2.153)
where
Kabc = −µ
(∇˜akbc − ∇˜bkca + ∇˜ckab). (2.154)
∇˜a means a Riemannian covariant derivative on a Lie-semisimple group G with respect to a
biinvariant Killing tensor hab.
One gets
∇˜kbc = −12
(
Cfbckfc + C
f
cakbf
)
(2.155)
and
Kabc = µ
(
Cfbakfc + C
f
ackfb − Cfbckfa
)
. (2.156)
Let us remind that kab is a right-invariant antisymmetric tensor on G.
If we write a connection Γ on G in the form
Γ nwm = −12 Cnwm + unwn, (2.157)
one gets
Rbd = R˜bd + ∇˜auabd − ∇˜duaba + 12
(∇˜buaad − ∇˜duaab) (2.158)
where
∇˜auced = −12
(
Cfeau
c
fd + C
f
dau
c
ef − Ccfaufed
)
(2.159)
unwm =
1
2 µ
(
Lwm
n − 2µk[maLw]abknb
)
− µ2hne(Le(wakm)a + µ2kcb[k(mcLw)abkea − Lebk(wakm)c]) (2.160)
where
Labc = C
f
bakfc + C
f
ackfb − Cfbckfa. (2.161)
Finally
Rbd = R˜bd − 12 Cfdb(uaaf + uafa)− 14 Cafa(2ufba + ufab) + 14 (Cafbufad − Cfbduafd),
R˜bd = −14 hbd.
(2.162)
For example, for G = SO(3),
R˜bd(SO(3)) =
1
2 δbd. (2.163)
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If
kab = C
f
abVf (2.164)
∇̂kVf = 0 (2.165)
one gets
unwm =
µ
2
CsnwC
p
msVp − µ3CpasVpCrnbVrCq[maVqCsbw]
+ µ4Cf c
bVf
[
Cp(m
cVpC
s
bw)C
q
asVqC
rnaVr
− CsbnCpasVpCq(waVqCrm)Vr
]
.
(2.166)
Let us remind to the reader that
∇˜kVf = −12 CffkVe. (2.167)
unwm can be calculated explicitly in a general form. One gets
unwm =
1
2 µ
(
Cfmwkf
n + Cfw
nkfm − Cfmnkfw
)
− 12 µ2
[
Cfbwkfa(k
nakm
b − knbkma) + Cfmbkfa(knakwb − knbkwa)
− 2knbkmaCfabkfw −
(
kf
akmcC
f
w
n + 2kfmC
anfkwa
− Cfwakf akma + Cfmnkf akwa − Cfmakf akwa
)]
+ 12 µ
4
[
3kc
bCfabkf
nkw
akm
a + Cfbwkfakm
c(kc
aknb − kcbkna)
+ Cfbmkfakw
a(kc
aknb − kcbkna) + Cfabkcbkwckamknf
+ Cfnbkfakm
c(kc
akw
b − kcbkwa)
+ Canfkb
f (kc
bkmakw
c − kwbkmckac)
]
(2.168)
RG = l
abRab. (2.169)
In the case of the Einstein–Kaufmann connection on a M = G/G0 manifold one gets
Γ̂ n˜w˜m˜ =
{
n˜
w˜m˜
}
+
1
2
(
Kw˜m˜
n˜ − 2g˜[m˜a˜]Kw˜]a˜b˜g˜[n˜b˜]
)
+ h0n˜e˜
{
Ke˜
a˜
(w˜g˜|m˜|a˜) + g˜[c˜b˜]
[
g˜[(|m˜|c˜]Kw˜)a˜b˜g˜[e˜
a˜
] −Kc˜a˜b˜g˜[(w˜a˜]g˜[m˜)c˜]
]}
(2.170)
where
Ka˜b˜c˜ = −∇˜a˜g˜[b˜c˜] − ∇˜b˜g˜[c˜a˜] + ∇˜c˜g˜[a˜b˜] = ζ
(−∇˜a˜k0b˜c˜ − ∇˜b˜k0c˜a˜ + ∇˜c˜k0a˜b˜) (2.171)
where ∇˜ means a covariant derivative with respect to the Riemannian connection on a manifold
M = G/G with a left-invariant metric tensor h0
a˜b˜
,
{
a˜
b˜c˜
}
mean Christoffel symbols built from h0
a˜b˜
.
In this way a cosmological term reads
P =
1
V1
∫
M
√
|g˜| R̂(Γ̂ ) dn1x (2.172)
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where
R̂(Γ̂ ) = ga˜b˜R̂a˜b˜(Γ̂ ) (2.173)
R̂b˜d˜ = R˜b˜d˜ + ∇˜a˜ua˜b˜d˜ − ∇˜d˜ua˜b˜a˜ + 12
(∇˜b˜ua˜a˜d˜ − ∇˜d˜ua˜a˜b˜) (2.174)
where R˜b˜d˜ is a Ricci tensor for a Riemannian connection on M formed from g(a˜b˜) = h
0
a˜b˜
.
3 Hierarchy of a symmetry breaking
Let us incorporate in our scheme a hierarchy of a symmetry breaking. In order to do this let us
consider a case of the manifold
M =M0 ×M1 × . . .×Mk−1 (3.1)
where
dimMi = ni, i = 0, 1, 2, . . . , k − 1 (3.2)
dimM =
k−1∑
i=0
ni, (3.3)
Mi = Gi+1/Gi . (3.4)
Every manifold Mi is a manifold of vacuum states if the symmetry is breaking from Gi+1 to Gi,
Gk = G.
Thus
G0 ⊂ G1 ⊂ G2 ⊂ . . . ⊂ Gk = G. (3.5)
We will consider the situation when
M ≃ G/G0. (3.6)
This is a constraint in the theory. From the chain (3.5) one gets
g0 ⊂ g1 ⊂ . . . ⊂ gk = g (3.7)
and
gi+1 = gi
.
+mi, i = 0, 1, . . . , k − 1. (3.8)
The relation (3.6) means that there is a diffeomorphism g onto G/G0 such that
g :
k−1∏
i=0
(Gi+1/Gi)→ G/G0 . (3.9)
This diffeomorphism is a deformation of a product (3.1) inG/G0. The theory has been constructed
for the case considered before with G0 andG. The multiplet of Higgs’ fields Φ breaks the symmetry
from G to G0 (equivalently from G to G
′
0 in the false vacuum case). gi mean Lie algebras for
groups Gi and mi a complement in a decomposition (3.8). On every manifold Mi we introduce a
radius ri (a “size” of a manifold) in such a way that ri > ri+1. On the manifold G/G0 we define
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the radius r as before. The diffeomorphism g induces a contragradient transformation for a Higgs
field Φ in such a way that
g∗Φ = (Φ0, Φ1, . . . , Φk−1). (3.10)
The fields Φi, i = 0, . . . , k − 1.
In this way we get the following decomposition for a kinetic part of the field Φ and for a
potential of this field:
Lkin(
gauge
∇ Φ) =
k−1∑
i=0
Likin(
gauge
∇ Φi) (3.11)
V (Φ) =
k−1∑
i=0
V i(Φi) (3.12)
(3.13)
where
Vi =
∫
Mi
√
|g˜i| dn¯ix (3.14)
g˜i = det(gib˜i a˜i). (3.15)
gib˜ia˜i is a nonsymmetric tensor on a manifold Mi.
V i(Φi) =
lab
Vi
∫
Mi
√
|g˜i| dn¯ix
[
2g[m˜in˜i]
(
CacdΦ
c
im˜iΦ
d
in˜i − µaı̂if
ı̂i
m˜in˜i
− Φaie˜if e˜im˜in˜i
)
× g[a˜i b˜i](CbefΦeia˜iΦfib˜i − µb̂if ̂ia˜ib˜i − Φbia˜if d˜ia˜i b˜i)
− ga˜im˜ii gb˜in˜ii Laa˜i b˜i
(
CbcdΦ
c
im˜iΦ
d
n˜i − µbı̂if
ı̂i
m˜in˜i
− Φbe˜if e˜im˜in˜i
)]
,
(3.16)
f ̂i
a˜ib˜i
are structure constants of the Lie algebra gi.
The scheme of the symmetry breaking acts as follows from the group Gi+1 to Gi (G
′
i) (if the
symmetry has been broken up to Gi+1). The potential V
i(Φi) has a minimum (global or local) for
Φkicrt, k = 0, 1. The value of the remaining part of the sum (3.12) for fields Φj, j < i, is small for
the scale of energy is much lower (rj > ri, j < i). Thus the minimum of V
i(Φi) is an approximate
minimum of the remaining part of the sum (3.12). In this way we have a descending chain of
truncations of the Higgs potential. This gives in principle a pattern of a symmetry breaking.
However, this is only an approximate symmetry breaking. The real symmetry breaking is from
G to G0 (or to G
′
0 in a false vacuum case). The important point here is the diffeomorphism g.
g∗Φb =
(
Φb0, Φ
b
1, . . . , Φ
b
k−1
)
(3.17)
Φbi = Φ
b
ia˜i θ˜
a˜i , i = 0, . . . , k − 1. (3.18)
The shape of g is a true indicator of a reality of the symmetry breaking pattern. If
g = Id+ δg (3.19)
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where δg is in some sense small and Id is an identity, the sums (3.11)–(3.12) are close to Eqs
(2.118)–(2.119). The smallness of δg is a criterion of a practical application of the symmetry
breaking pattern (3.5). For example we can define a norm in a space of g and ‖δg‖ ≪ 1. It seems
that there are a lot of possibilities for the condition (3.9). Moreover, a smallness of δg plus some
natural conditions for groups Gi can narrow looking for grand unified models. Let us notice that
the decomposition of M results in decomposition of cosmological terms (see Eq. (2.122))
P˜ =
k−1∑
i=0
P˜ i (3.20)
where
P˜ i =
1
r2i Vi
∫
Mi
√
|g˜i| R̂i(Γ̂ i) dnix (3.21)
where Γ̂ i is a nonsymmetric connection on Mi compatible with the nonsymmetric tensor gia˜i b˜i
and R̂i(Γ̂ i) its curvature scalar. The truncation procedure can be proceeded in several ways.
Finally let us notice that the energy scale of broken gauge bosons is fixed by a radius ri at any
stage of the symmetry breaking in our scheme.
Let us consider Eq. (3.10) in more details. One gets
Aa˜ia˜i(y)Φ
b
a˜(y) = Φ
b
a˜i(yi), y ∈M, yi ∈Mi (3.22)
where
g∗(y) =
(
A0
∣∣∣∣∣ A1
∣∣∣∣∣ A2
∣∣∣∣∣ . . .
∣∣∣∣∣ Ak−1
)
, (3.23)
Ai =
(
Aa˜ia˜i
)
a˜=1,2,...,n1, a˜i=1,2,...,n¯i
, i = 0, 1, 2, . . . , k (3.24)
is a matrix of Higgs’ fields transformation.
According to our assumptions one gets also:(ri
r
)2
gia˜i b˜i(yi) = A
a˜
a˜i(y)A
b˜
b˜i
(y)ga˜b˜(y). (3.25)
For g is an invertible map we have det g∗(y) 6= 0.
We have also
n1 =
k−1∑
i=0
ni (3.26)
and
Φba˜(y) =
k−1∑
i=0
A˜a˜iia˜(y)Φ
b
a˜i(yi) (3.27)
or
g∗−1(y) =

A˜0
A˜1
...
A˜k−1
 (3.28)
A˜i =
(
A˜a˜iia˜
)
a˜i=1,2,...,n¯i, a˜=1,2,...,n1
(3.29)
29
such that
g(y0, . . . , yk−1) = y (3.30)
(y0, y1, . . . , yk−1) = g−1(y) (3.31)
For an inverse tensor ga˜b˜ one easily gets
(r2i
r2
)
ga˜b˜ =
k−1∑
i=0
A˜a˜ia˜ig
a˜i b˜i
i A
b˜
ib˜i
. (3.32)
We have
r2n1 det(ga˜b˜) =
k−1∏
i=0
r2n¯ii det(gia˜i b˜i). (3.33)
In this way we have for the measure
dµ(y) =
k−1∏
i=0
dµi(yi) (3.34)
where
dµ(y) =
√
det g rn1 dn1y (3.35)
dµi(yi) =
√
det gi r
n¯i
i d
n¯iyi . (3.36)
In the case of Lint(Φ, A˜) one gets (see Eq. (2.120))
Lint(Φ, A˜) =
k−1∑
i=0
Lint(Φi, A˜) (3.37)
where
Lint(Φi, A˜) = habµai H˜ ig[a˜i b˜i]i
(
CbcdΦ
c
ia˜iΦ
d
ib˜i
− µb
ı̂
f ı̂
a˜ib˜i
− Φb
d˜i
f d˜i
a˜ib˜i
)
(3.38)
where
g[a˜i b˜i]
i
=
1
Vi
∫
Mi
√
|g˜i| dn¯ix g[a˜i b˜i]i , i = 0, 1, 2, . . . , k − 1. (3.39)
Moreover, to be in line in the full theory we should consider a chain of groupsHi, i = 0, 1, 2, . . . , k−
1, in such a way that
H0 ⊂ H1 ⊂ H2 ⊂ . . . ⊂ Hk−1 = H. (3.40)
For every group Hi we have the following assumptions
Gi ⊂ Hi (3.41)
and Gi+1 is a centralizer of Gi in Hi. Thus we should have
Gi ⊗Gi+1 ⊂ Hi, i = 0, 1, 2, . . . , k − 1. (3.42)
30
We know from elementary particles physics theory that
G0 = Uem(1) ⊗ SU(3)c,
G1 = SU(2)L ⊗ U(1)Y ⊗ SU(3)c
and that G2 is a group which plays the role of H in the case of a symmetry breaking from
SU(2)L ⊗ UY(1) to Uem(1). However, in this case because of a factor U(1), M = S2. Thus
M0 = S
2 and G2 ⊂ H0.
It seems that in a reality we have to do with two more stages of a symmetry breaking. Thus
k = 3. We have
M ≃ S2 ×M1 ×M2 (3.43)
M = G/(U(1) ⊗ SU(3)) (3.44)
M1 = G1
/
(SU(2) × U(1)× SU(3))
U(1) ⊗ SU(3) ⊂ SU(2)⊗ U(1)⊗ SU(3) ⊂ G2 ⊗ SU(3) ⊂ G3 = G (3.45)
and
G1 ⊂ H1 ⊂ H (3.46)
U(1) ⊗ SU(3)⊗G ⊂ H (3.47)(
U(1) ⊗ SU(2)⊗ SU(3))⊗G2 ⊂ H1 (3.48)
and
G2 ⊗G ⊂ H2 = H (3.49)
M2 = G/G1. (3.50)
We can take for G SU(5), SO(10), E6 or SU(6). Thus there are a lot of choices for G2, H1
and H.
We can suppose for a trial that
G2⊗ SU(3) ⊂ H0. (3.51)
We have also some additional constraints
rank(G) ≥ 4. (3.52)
Thus
rank(H0) ≥ 4. (3.53)
We can try with F4 = H0.
In the case of H
rank(H) ≥ rank(G) + 3 ≥ 7. (3.54)
Thus we can try with E7, E8
rank(H1) ≥ rank(G2) + 4
rank(H) ≥ rank(G2) + rank(G) ≥ rank(G2) + 4 ≥ rank(G) + 4 ≥ 8. (3.55)
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In this way we have
rank(H) ≥ 8. (3.56)
Thus we can try with
H = E8. (3.57)
But in this case
rank(G2) = rank(G) = 4.
This seems to be nonrealistic. For instance, if G = SO(10), E6,
rank(SO(10)) = 5
rankE6 = 6.
In this case we get
rank(H) = 9
rank(H) = 10
and H could be SU(10), SO(18), SO(20).
In this approach we try to consider additional dimensions connecting to the manifold M more
seriously, i.e. as physical dimensions, additional space-like dimensions. We remind to the reader
that gauge-dimensions connecting to the group H have different meaning. They are dimensions
connected to local gauge symmetries (or global) and they cannot be directly observed. Simply
saying we cannot travel along them. In the case of a manifold M this possibility still exists.
However, the manifold M is diffeomorphically equivalent to the product of some manifolds Mi,
i = 0, 1, 2, . . . , k − 1, with some characteristic sizes ri.
The radii ri represent energy scales of symmetry breaking. The lowest energy scale is a scale
of weak interactions (Weinberg–Glashow–Salam model) r0 ≃ 10−16 cm. In this case this is a
radius of a sphere S2. The possibility of this “travel” will be considered in Ref. [51]. In this case
a metric on a manifold M can be dependent on a point x ∈ E (parametrically).
It is interesting to ask on a stability of a symmetry breaking pattern with respect to quantum
fluctuations. This difficult problem strongly depends on the details of the model. Especially on
the Higgs sector of the practical model. In order to preserve this stability on every stage of the
symmetry breaking we should consider remaining Higgs’ fields (after symmetry breaking) with
zero mass. According to S. Weinberg, they can stabilize the symmetry breaking in the range of
energy
1
ri
(
~
c
)
< E <
1
ri+1
(
~
c
)
, i = 0, 1, 2, . . . , k − 1, (3.58)
i.e. for a symmetry breaking from Gi+1 to Gi.
It seems that in order to create a realistic grand unified model based on nonsymmetric Kaluza–
Klein (Jordan–Thiry) theory it is necessary to have a possibility to nivel cosmological terms. This
could be achieved in some models due to choosing constants ξ and ζ and µ. After this we can
control the value of those terms, which are considered as a selfinteraction potential of a scalar
field Ψ . The scalar field Ψ can play in this context a role of a quintessence.
Let us notice that using the equation
Φc
b˜
(x)f b˜
iˆa˜
= µa
iˆ
Φba˜(x)C
c
ab, (3.59)
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and (3.27) one gets
k−1∑
i=0
A˜a˜i
ib˜
Φca˜if
b˜
ı̂a˜
= Ccabµ
a
ı̂
k−1∑
i=0
A˜a˜i
i˜a
Φba˜i . (3.60)
In this way we get constraints for Higgs’ fields Φ0, Φ1, . . . , Φk−1,
Φi = (Φ
b
a˜i), i = 0, 1, . . . , k − 1.
Solving these constraints we obtain some of Higgs’ fields as functions of independent components.
This could result in some cross terms in the potential (3.12) between Φ’s with different i. For
example a term
V (Φ′i, Φ
′
j),
where Φ′ means independent fields. This can cause some problems in a stability of symmetry
breaking pattern against radiative corrections. This can be easily seen from Eq. (3.59) solved by
independent Φ′,
Φ = BΦ′ (3.61)
Φc
b˜
= Bc
˜¯b
b˜c¯
Φ′c¯˜¯b (3.62)
where B is a linear operator transforming independent Φ′ into Φ.
We can suppose for a trial a condition similar to (3.59) for every i = 0, . . . , k − 1,
Φci
b˜i
f b˜i
ı̂ia˜i
= µai
ı̂i
Φbia˜iC
ci
aibi
(3.63)
where Cciaibi are structure constants for the Lie algebra hi of the group Hi. f
b˜i
ı̂ia˜i
are structure
constants of the Lie algebra gi+1, ı̂i are indices belonging to Lie algebra gi and a˜i to the comple-
ment mi.
In this way
Φc
b˜i
= Φci
b˜i
δcci . (3.64)
In this case we should have a consistency between (3.63) and (3.60) which impose constraints on
C, f, µ and Ci, f i, µi where Ci, f i, µi refer to Hi, Gi+1. Solving (3.63) via introducing independent
fields Φ′i one gets
Φci
ib˜i
= Bci
˜¯bi
ic¯ib˜i
Φ′i
c¯i
˜¯bi
. (3.65)
Combining (3.62), (3.64), (3.65) one gets
Bc
˜¯b
b˜c¯
Φ′c¯˜¯b =
k−1∑
i=0
A˜a˜i
ib˜
δcciB
ci
˜¯bi
ic¯ib˜i
Φ′i
c¯i
˜¯bi
. (3.66)
Eq. (3.66) gives a relation between independent Higgs’ fields Φ′ and Φ′i. Simultaneously it is a
consistency condition between Eq. (3.59) and Eq. (3.63). However, the condition (3.63) seems to
be too strong and probably it is necessary to solve a weaker condition (3.60) which goes to the
mentioned terms V (Φ′i, Φ
′
j). The conditions (3.63) plus a consistency (3.66) avoid those terms in
the Higgs potential. This problem demands more investigations.
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It seems that the condition (3.9) could be too strong. In order to find a more general condition
we consider a simple example of (3.5). Let G0 = {e} and k = 2. In this case we have
{e} ⊂ G1 ⊂ G2 = G (3.67)
M0 = G1, M1 = G/G1 (3.68)
g : G1 ×G/G1 → G. (3.69)
In this way G1 ×G/G1 is diffeomorphically equivalent to G.
Moreover, in Ref. [5] G2 has been considered as a group H in the Nonsymmetric Kaluza–Klein
(Jordan–Thiry) Theory. G2 is important only for Glashow–Weinberg–Salam model of unification
of electroweak interactions. If we want to unify all fundamental interactions we need a bigger
group H, such that G2 ⊂ H. We need of course a group G such that
SU(2)L ×U(1)em × SU(3)c ⊂ G. (3.70)
There are a lot of possibilities. One of the most promising is G = SO(10). Moreover, we need
also a group G0 such that M = G/G0.
In our world G0 = U(1)em × SU(3)c. The group H for G = SO(10) and G0 = U(1)el × SU(3)c
should be such that
SO(10) × (U(1)em × SU(3)c) ⊂ H. (3.71)
The simplest choice is H = SO(16). Why?
First of all G2 ⊂ SO(16) and SO(10) × SO(6) ⊂ SO(16). Moreover, SO(6) ≃ SU(4) and
U(1)×SU(3) ⊂ SU(4). Thus if we identify U(1) with U(1)em and SU(3) with SU(3)c we get what
we want. In this way
M =
SO(10)
/
U(1) × SU(3), S
2 ⊂M,
dim SO(16) = 120, dimSO(10) = 45, n1 = dimM = 36.
Let us also notice that in the chain of groups it would be interesting to consider as G2 (G2 is
not G2!)
G2 = SU(2)L ⊗ SU(2)R ⊗ SU(4)
suggested by Salam and Pati, where SU(4) unifies SU(3)c ⊗ U(1)Y.
Let us notice that on every stage of symmetry breaking, i.e. from Gi+1 to Gi, we have to do
with group G′i (similar to the group G
′
0). Thus we can have to do with a true and a false vacuum
cases which may complicate a pattern of a symmetry breaking.
4 The Nonsymmetric Jordan–Thiry Theory over V = E × G/G0.
A cosmological constant (a Dark Energy). A Dark Matter
Let P be the principal fibre bundle with the structural group H, over V = E × G/G0 with a
projection π and let us define on this bundle a connection ω. Let us suppose that H is semisimple.
On the base V = E ×G/G0 we define a nonsymmetric metric tensor such that:
γAB = γ(AB) + γ[AB],
γABγ
CB = γBAγ
BC = δCA,
(4.1)
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(see Section 2), where the order of the indices is important. We also define on V the connection
ωAB,
ωAB = Γ
A
BCθ
C
(4.2)
such that:
DγA+B− = DγAB − γADQDBC(Γ )θC = 0, (4.3)
where D is the exterior covariant derivative with respect to ωAB and Q
A
BC(Γ ) is the torsion of
ωAB. One easily finds that the connection (4.2) has the following shape:
ωAB =
ω˜αβ 0
0 ω̂
a˜
b˜
 , (4.4)
where ω˜
α
β is the connection on the space-time E and ω̂
a˜
b˜ is the connection on the manifold
M = G/G0 with the following properties:
D˜gα+β− = D˜gαβ − gαδQ˜
δ
βγ(Γ˜ )θ
γ = 0,
Q˜
α
βα(Γ˜ ) = 0, (4.5)
D̂ga˜+b˜− = D̂ga˜b˜ − ga˜d˜Q̂
d˜
b˜c˜(Γ̂ )θ
c˜
= 0, (4.6)
D is the exterior covariant derivative with respect to the connection ωαβ on E, Q
α
βγ(ω) is the
tensor of torsion for ωαβ. D̂ means the exterior covariant derivative with respect to the connection
ω̂
a˜
b˜ and Q̂
a˜
b˜c˜(Γ̂ ) is the tensor of torsion for ω̂
a˜
b˜. The second condition of Eq. (4.5) is not necessary
to define Einstein connection on E. Moreover we suppose it to be in line with some classical results.
On the space-time E we also define the second affine connection W
α
β such that:
W
α
β = ω
α
β − 2
3
δαβW, (4.7)
where
W =W γθ
γ
=
1
2
(W
σ
γσ −W σσγ)θγ .
Thus on the space-time E we have all the geometrical quantities from N.G.T.: two connections
ωαβ andW
α
β and the nonsymmetric metric gαβ . Now let us turn to the nonsymmetric metrization
of the bundle P . We have:
κA˜B˜ =
(
γAB 0
0 ρ2ℓab
)
(4.8)
(see Section 2 for comparison), where ρ = ρ(x) is a scalar field on E, x ∈ E and
γAB =
(
gαβ 0
0 r2ga˜b˜
)
and
ℓab = hab + ξkab, det(ℓab) 6= 0
or
κ(A˜B˜)θ
A˜ ⊗ θB˜ = γ(AB)θA ⊗ θB + ρ2habθa ⊗ θb,
κ[A˜B˜]θ
A˜ ∧ θB˜ = γ[AB]θA ∧ θB + ρ2ξkabθa ∧ θb,
(4.9)
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(see Section 2 where ρ = 1), where θa = λωa. From the Kaluza–Klein Theory and Jordan–Thiry
we know that λ is proportional to
√
GN , λ ∼
√
GN . We work with such a system of units that
λ = 2.
Now we define on P , a connection ωA˜B˜ right-invariant (Ad-covariant) with respect to the
action of group H on P such that:
DγA˜+B˜− = DγA˜B˜ − γA˜D˜QD˜B˜C˜(Γ )θC˜ = 0, (4.10)
where ωA˜B˜ = Γ
A˜
B˜C˜θ
C˜. D is the exterior covariant derivative with respect to the connection ωA˜B˜
and QA˜B˜C˜(Γ ) is the tensor of torsion for the connection ω
A˜
B˜. After some calculations one finds:
ωA˜B˜
=
 π∗(ωAB)− ρ2ℓdbγMALdMBθb LaBCθC − 1ργBDγ˜(DC)ρ,Cθa
ρ2ℓbdγ
AB(2HdCB − LdCB)θC − ργ˜(AB)ρ,BℓbcθC 1ργBDγ˜(DC)ρ,Cδab θB + ω˜ab
 , (4.11)
where γ˜(AB) is the inverse tensor for γ(AB)
γ(AB)γ˜
(AC) = δCB,
LdMB = −LdBM,
(4.12)
is an Ad-type tensor (Ad-covariant) on P such that
ℓdcγMBγ
CMLdCA + ℓcdγAMγ
MCLdBC = 2ℓcdγAMγ
MCHdBC, (4.13)
ω˜ab = Γ˜
a
bcθ
c,
ℓdbΓ˜
d
ac + ℓadΓ˜
d
cb = −ℓdbCdac, (4.14)
Γ˜ dac = −Γ˜ dca, Γ˜ dad = 0.
We define on P a second connection:
W A˜B˜ = ω
A˜
B˜ −
4
3(m+ 2)
δA˜B˜W. (4.15)
Thus we have on P all (m+4)-dimensional analogues of geometrical quantities from N.G.T., i.e.:
W A˜B˜, ω
A˜
B˜ and κA˜B˜.
The connection (4.15) is analogous to the connection W from NGT. The form W is horizontal
one, hor W =W (in the sense of the connection ω on the bundle P ).
Let us calculate the Moffat–Ricci curvature scalar for the connection W A˜B˜.
R(W ) = κA˜B˜
(
RC˜A˜B˜C˜(W ) +
1
2
RC˜C˜A˜B˜(W )
)
, (4.16)
where RA˜B˜C˜D˜(W ) is the curvature tensor for the connection W
A˜
B˜. One gets:
R(W ) = R(W ) +
1
r2
R(Γ̂ ) +
1
λ2ρ2
R˜(Γ˜ )
− λ
2ρ2
4
ℓab(2H
aHb − LaMNHbMN )− 2λ
2M˜
ρ2
γ˜(BN)ρ,Bρ,N + P (ρ), (4.17)
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where:
P (ρ) =
λ2n
8ρ
γDBγ˜
(DC)ρ,Cγ
MNQ
B
MN(ω)
+
λ2n
4ρ2
∇A(ργ˜(AB)ρ,B) + λ
2
4
nγBC∇C
(
1
ρ
γBDγ˜
(DE)ρ,E
)
+
λ2ρ
8
γMN
{
∇M
(
1
ρ
γDNγ˜
(DC)ρ,C
)
−∇N
(
1
ρ
γDMγ˜
(DC)ρ,C
)}
,
(4.18)
M˜ = ℓ[dc]ℓ[dc] − n(n− 1), (4.19)
Q
B
MN(ω) means the torsion of the connection ω
A
B on V = E ×M = E × G/G0 and ∇A is the
covariant derivative with respect to this connection. R(W ) is the Moffat–Ricci curvature scalar
on the space-time E for the connection W
α
β. R(Γ̂ ) is the Moffat–Ricci curvature scalar for the
connection ω̂
α
β on the homogeneous space M = G/G0, R˜(Γ˜ ) is the Moffat–Ricci curvature scalar
for the connection ω˜ab. Notice that in the curvature scalar we pass from λ = 2 to the arbitrary
value of this constant.
Ha = γ[AB]Ha[AB] = g
[αβ]Haαβ +
1
r2
g[a˜b˜]Haa˜b˜, (4.20)
LaMN = γAMγBNLaAB = δ
M
µδ
N
γg
αµgβγLaαβ
+
1
r2
(gαµgb˜n˜Laαb˜ + g
a˜n˜gβγLaa˜β)δ
M
µδ
N
n˜
+
1
r4
ga˜m˜gb˜n˜Laa˜b˜δ
M
m˜δ
N
n˜.
(4.21)
Let us consider the condition (4.13). One gets:
ℓdcgµβg
γµLdγα + ℓcdgαµg
µγLdβγ = 2ℓcdgαµg
µγHdβγ , (4.22)
ℓdcgm˜b˜g
c˜m˜Ldc˜a˜ + ℓcdga˜m˜g
m˜c˜Ldb˜c˜ = 2ℓcdga˜m˜g
m˜c˜Hdb˜c˜, (4.23)
ℓdcgµβg
γµLdγa˜ + ℓcdga˜m˜g
m˜c˜Ldβc˜ = 2ℓcdga˜m˜g
m˜c˜Hdβc˜. (4.24)
One finds that:
−ℓabLaMNHbMN = −ℓab
(
gαµgβνLaαβH
b
µν
+
2
r2
gαµgb˜n˜Laαb˜H
b
µn˜ +
1
r4
ga˜m˜gb˜n˜Laa˜b˜H
b
m˜n˜
)
= −ℓab
(
LaµνHbµν +
2
r2
gb˜n˜Lαµb˜H
b
µn˜
+
1
r4
ga˜m˜gb˜n˜Laa˜b˜H
b
m˜n˜
)
,
(4.25)
where:
Lαµν = gαµgβνLaαβ ,
Lαµb˜ = g
αµLaαb˜.
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For ℓabH
aHb = habH
aHb, we have the following:
habH
aHb = habH
a
0H
b
0 +
2
r2
habH
a
0H
b
1 +
1
r4
habH
a
1H
b
1, (4.26)
where
Ha0 = g
[αβ]Haαβ (4.27)
and
Ha1 = g
[a˜b˜]Haa˜b˜. (4.28)
And finally we get for R(W ):
R(W ) = R(W ) +
1
r2
R(Γ̂ ) +
4
λ2r2
R˜(Γ˜ )− λ
2ρ2
4
ℓab(2H
a
0H
b
0 − LaµνHbµν)
− λ
2ρ2
4r2
ℓab(4H
(a
0 H
b)
1 − 2gb˜n˜Laµb˜ H
b
µn˜)
− λ
2ρ2
4r4
ℓab(2H
a
1H
b
1 − ga˜m˜gb˜n˜Laa˜b˜Hbm˜n˜
− M˜
ρ2
gγδ g˜
(δν)ρ,ν g˜
(γβ)ρ,β + P (ρ),
(4.29)
where g˜(δν) is the inverse tensor of g(αβ) such that:
g˜(δν)g(δµ) = δ
ν
µ. (4.30)
Let us calculate the density for the Moffat–Ricci curvature scalar for the connection W A˜B˜. We
have: √
|κ|R(W ) = √−grn1
√
|g˜|
√
|ℓ|ρnR(W ), (4.31)
where
g = det(gαβ), g˜ = det(ga˜b˜), ℓ = det(ℓab) (4.32)
and
κ = det(κA˜B˜) = g · rn1 · g˜ · ρnℓ. (4.33)
After some calculation one gets:√
|κ|R(W ) = √−grn1
√
|g˜|ℓ
{
ρnR(W ) +
R˜(Γ˜ )
λ2ρ2−n
+
ρn
r2
R(Γ̂ )
+
λ2
4
ρn+2ℓab(2H
a
0H
b
0 − LaµνHbµν)
+
λ2
4r2
ρn+2ℓab(4H
(a
0 H
b)
1 − 2gb˜n˜Laµb˜Hbµn˜)
+
λ2
4r4
ρn+2ℓab(2H
a
1H
b
1 − ga˜m˜gb˜n˜Laa˜b˜Hbm˜n˜)
+
λ2
4
ρn−2
(
Mg˜(γµ)ρ,γρ,µ
+ n2g[µν]gδµg˜
(δγ)ρ,νρ,γ
)}
+ ∂MK
M,
(4.34)
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where
M = (ℓ[dc]ℓ[dc] − 3n(n− 1)) (4.35)
and
KM =
n
2
ρn−1
√
|κ|(5γ˜(MC) − γNMγDNγ˜(DC)) · ρ,C. (4.35′)
If we define an integral of action:
S ∼
∫
U
√
|κ|R(W )dm+4x, (4.36)
(where dm+4x = d4x dµH(h) · dm(y), dµH(h) is a biinvariant measure on a group H and dm(y)
is a measure on M induced by a biinvariant measure on a group G, x ∈ E, h ∈ H, y ∈ M), and
the variation principle for R(W ) then the full divergence ∂MK
M does not play any role. It could
play a certain role in topological problems.
One can write
Kµ =
n
2
ρn−1
√
gg˜(5g˜(µγ) − gνµgδν g˜(δγ))ρ,γ
and
Km˜ =
n
2r2
ρn−1
√
gg˜(5g(m˜c˜) − gn˜m˜gd˜n˜g˜(d˜c˜))ρ,c˜.
Thus we really only have to deal with B(W ):
B(W ) =
√
κR(W )− ∂MKM. (4.36)
We have:
ρ,a˜ = 0, (4.37)
for every a˜ = 5, 6, 7, . . . , n1 + 4.
It is worth to notice that the formulae (4.21)–(4.23) do not change under the general conformal
transformation—the redefinition of the tensor gµν . This is a general property of these formulae
i.e.
gµν → C · gµν , (4.38)
where C = C(x) is the conformal factor.
R(W ) is invariant with respect to the right action of the group H on P . Thus an integration
over the group H is trivial. Let us consider the following two AdH-type 2-forms with values in
the Lie algebra of H, (h).
L =
1
2
LdMBθ
M ∧ θBXd (4.39)
and
Q =
1
2
QdMBθ
M ∧ θBXd. (4.40)
One gets
L = Ω − 1
2
Q, (4.41)
where Ω is the curvature of the connection ω on P (over E × G/G0) and QdMB is torsion in
additional gauge dimensions. This generalizes our considerations in Nonabelian Kaluza–Klein
Theory to higher dimensional space-time.
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Let us repeat considerations from Section 4. One finds:
ℓijgµβg
γµL˜iγα + ℓjigαµg
µγ L˜iβγ = 2ℓjigαµg
µγH˜ iβγ , (4.42)
where ℓij = ℓcdα
c
iα
d
j is a right-invariant nonsymmetric metric on the group G and
Lcµν = α
c
iL˜
i
µν , (4.43)
L˜iµν plays the role of an induction tensor for the Yang–Mills’ field with the gauge group G. H˜
i
µν
is of course the tensor of strength of this field. The polarization tensor is defined as usual
L˜iµν = H˜
i
µν − 4πM˜ iµν . (4.44)
We introduce two AdG-type 2-forms with values in the Lie algebra g (of G)
L˜ =
1
2
L˜iµνθ
µ ∧ θνYi,
M˜ =
1
2
M˜ iµνθ
ν ∧ θνYi
and one easily writes
L˜ = Ω˜E − 4πM˜ = Ω˜E − 1
2
Q,
where Q˜ = 12Q˜
i
µνθ
µ ∧ θνYi.
In this way we get a geometrical interpretation of a Yang–Mills’ induction tensor in terms of
the curvature and torsion in additional dimensions.
One gets:
ℓdcgµβg
γµLdγa˜ + ℓcdga˜m˜g
m˜c˜Ldβc˜ = 2ℓcdga˜m˜g
m˜c˜
gauge
∇ β(Φdc˜). (4.45)
One finds:
ℓdcgm˜b˜g
c˜m˜Ldc˜a˜ + ℓcdga˜m˜g
m˜c˜Ldb˜c˜ = 2ℓcdga˜m˜g
m˜c˜(CdabΦ
a
b˜
Φb
b˜
− µd
iˆ
f iˆ
b˜c˜
− Φd
d˜
f d˜
b˜c˜
), (4.46)
In this way we have natural communication to the Nonsymmetric Kaluza–Klein Theory (see
Section 2)
B(W ) =
√
−g|g˜||ℓ|
{
rn1ρnR(W ) +
ρn−2
λ2
rn1R˜(Γ˜ )
+ rn1−2ρnR̂(Γ̂ )− rn1ρn+2λ
2
4
ℓ˜ij(2H˜
iH˜j − L˜iµνH˜jµν)
+
λ2ρn+2rn1−2
2
ℓabg
b˜n˜Laµb˜
gauge
∇ µΦbn˜
− λ
2ρn+2rn1−4
4
ℓab[2g
[a˜b˜](CacdΦ
c
a˜Φ
d
b˜ − µaiˆf iˆa˜b˜ − Φad˜f d˜a˜b˜)
× g[n˜m˜](CbefΦen˜Φf m˜ − µbiˆf
jˆ
n˜m˜ − Φbe˜f e˜n˜m˜)
− ga˜m˜gb˜n˜Laa˜b˜ · (CbcdΦcm˜Φdn˜ − µbiˆf iˆm˜n˜ − Φbe˜f e˜m˜n˜)]
− λ
2ρn+2rn1−2
2
habα
a
iH˜
ig[a˜b˜](CbcdΦ
c
a˜Φ
d
b˜ − µbiˆf iˆa˜b˜ − Φbd˜f d˜a˜b˜)
− rn1ρn−2(Mg˜(γµ)ρ,γρ,µ + n2g[µν]gδµg˜(δγ)ρ,νρ,γ)
}
,
(4.47)
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where
L˜iµν = gαµgβν L˜iαβ (4.48)
and L˜iαβ obeys (4.42).
One can define the following two AdH-type 2-forms with value in the Lie algebra of H, (h)
Lˇ =
1
2
Lda˜b˜θ
a˜ ∧ θb˜Xd, Qˇ = 1
2
Qda˜b˜θ
a˜ ∧ θb˜Xd,
in such a way that
Lˇ = Ωˇ− 1
2
Qˇ,
where Ωˇ = 12H
d
a˜b˜θ
a˜ ∧ θb˜Xd. These forms are defined on P (over G/G0). In this way we get
similar formulae for the Higgs’ field and for Yang–Mills’ field.
Let us define the following quantity Mda˜b˜ such that
Lda˜b˜ = H
d
a˜b˜ − 4πMda˜b˜. (4.49)
This quantity is an analogue of the polarization tensor for the Higgs’ field.
In this way we have
Qˇ = 8πMˇ = 4πMda˜b˜θ
a˜ ∧ θb˜Xd. (4.50)
The form Mˇ is an AdH-type 2-form.
H˜ i = g[αβ]H˜ iαβ , (4.51)
Laαβ obeys (4.46) and scalar field Φ
a
b˜ satisfies the following constraints:
Φcb˜f
b˜
iˆa˜
= µa
iˆ
Φba˜C
c
ab (4.52)
(see Section 2). Let us define the integral of action for B(W )
S = − 1
V1V2rn1
∫
U
((B(W ) dnx)dn1x)d4x, (4.53)
where U = V ×M ×H, V ⊂ E.
V1 =
∫
H
√
−ℓ dnx, (4.54)
where dnx = dµH(h) is a biinvariant measure on a group H and
V2 =
∫
M
√
|g˜| dn1x, (4.55)
dn1x = dm(y) is a measure on M which is quasi-invariant with respect to the action of G on M
and d4x means integration over space-time coordinates. After some calculations one gets:
S = −
∫
V
√−gB(W,g, A˜, ρ, Φ) d4x, V ⊂ E, (4.56)
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where
B(W,g, A˜, ρ, Φ) = ρn · R(W ) + λ
2
4
[
8πρn+2LYM(A˜) + ρn+2 2
r2
Lkin(
gauge
∇ Φ)
+ ρn+2
1
r4
V (Φ)− ρn+2 4
r2
Lint(Φ, A˜) + ρn−2Lscal(ρ)
]
+ λc, (4.57)
R(W ) is the Moffat–Ricci curvature scalar on the space-time E and plays the role of the gravita-
tional lagrangian
LYM(A˜) = − 1
8π
ℓij(2H˜
iH˜j − L˜iµνH˜jµν) (4.58)
is the lagrangian for the Yang–Mills’ field with the gauge groupG in the Nonsymmetric-Nonabelian
Kaluza–Klein Theory. H˜ i is defined in (4.51) and L˜iµν by (4.42).
Lkin(
gauge
∇ Φ) = 1
V2
∫
M
√
|g˜|dn1x(ℓabgb˜n˜Laµb˜
gauge
∇ µΦbn˜)
= ℓabg
αµ 1
V2
∫
M
√
|g˜|dn1x(gb˜n˜Laαb˜
gauge
∇ µΦbn˜)
(4.59)
is the kinetic part of the lagrangian for the scalar field Φbn˜. It is easy to see that Lkin is a quadratic
form with respect to
gauge
∇ Φ (gauge derivative with respect to the connection ω˜E) and is invariant
with respect to the action of the groups H and G.
V (Φ) =
ℓab
V2
∫
M
√
|g˜|dn1x[2g[m˜n˜](CacdΦcm˜Φdn˜ − µaiˆ f iˆm˜n˜ − Φae˜f e˜m˜n˜)g[a˜b˜]
· (CbefΦea˜Φf b˜ − µbjˆf jˆ a˜b˜ − Φba˜f d˜a˜b˜)
− ga˜m˜gb˜n˜Laa˜b˜(CbcdΦcm˜Φdn˜ − µbiˆf
iˆ
m˜n˜ − Φbe˜f e˜m˜n˜)
] (4.60)
is the self-interacting term for the field Φ. It is invariant with respect to the action of the groups
H and G. This term is a polynomial of 4th order in Φ’s (a Higgs’ field potential term).
Lint(Φ, A˜) = habµai H˜ ig[a˜b˜] · (CbcdΦca˜Φdb˜ − µbiˆf iˆa˜b˜ − Φbd˜f d˜a˜b˜) (4.61)
is the term describing nonminimal coupling between the scalar field Φ and the Yang–Mills’ field
where
g[a˜b˜] =
1
V2
∫
M
√
|g˜|dn1xg[a˜b˜], (4.62)
λc =
ρn
λ2
R˜(Γ˜ ) +
ρn
r2V2
∫
M
√
|g˜|R̂(Γ̂ ) dn1x = ρ
n
λ2
R˜(Γ˜ ) +
ρn
r2
P˜ . (4.63)
This term is also invariant with respect to the action of groups H and G. One can write Lkin
and V in different forms:
Lkin(
gauge
∇ Φ) = ℓab(gβνLaµb˜
gauge
∇ µΦbn˜)av
= ℓabg
αµ(gb˜n˜Laαb˜
gauge
∇ µΦbn˜)av, (4.64)
V (Φ) = 2ℓab([g
([m˜n˜][a˜b˜])(CacdΦ
c
m˜Φ
d
n˜ − µaiˆf iˆm˜n˜ − Φae˜f e˜m˜n˜)
× (CbefΦea˜Φf b˜ − µbjˆf
jˆ
a˜b˜ − Φbd˜f d˜a˜b˜)
+ ga˜m˜b˜n˜Laa˜b˜(C
b
cdΦ
c
m˜Φ
d
n˜ − µbiˆf iˆm˜n˜ − Φbe˜f e˜m˜n˜)])av , (4.65)
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where
(. . .)av =
1
V2
∫
M
√
|g˜| dxn1(. . .),
ga˜m˜b˜n˜ = ga˜m˜gb˜n˜,
g([m˜n˜][a˜b˜]) = g[m˜n˜] · g[a˜b˜].
(4.66)
The connection Γ̂ a˜b˜c˜ on M satisfies the following compatibility conditions:
gd˜b˜Γ̂
d˜
a˜c˜ + ga˜d˜Γ̂
d˜
c˜b˜ = ga˜d˜κ
d˜
b˜c˜ + ga˜b˜,c˜, (4.67)
where κd˜b˜c˜ are nonholonomicity coefficients, “,” means the action of a vector field defined on M
and induced by a left invariant vector field on G. For ga˜b˜,c˜ one easily finds
ga˜b˜,c˜(x) = ζk
0
a˜b˜,c˜ + h
0
a˜b˜,c˜. (4.68)
For Lscal(ρ) we have the following:
Lscal(ρ) = (Mg˜(γµ)ρ,γρ,µ + n2g[µν]gδµg˜(δγ)ρ,νρ,γ), (4.69)
where
M = (ℓ[dc]ℓ
[dc] − 3n(n− 1)) ≥ 0. (4.70)
B(W, A˜, Φ, Ψ) is invariant with respect to the right action of the group G on the bundle Q(E,G).
Thus we do not see any additional dimensions. They can be easily dropped due to the integration
over the group G.
We obtained the lagrangian density B(W,g, A˜, ρ, Φ) such that:
B(W,g, A˜, ρ, Φ) =
√−g =
{
ρn ·R(W ) + λ
2
4
[
8πρn+2LYM(A˜)
+ ρn+2
2
r2
Lkin(
gauge
∇ Φ)− ρn+2 1
r4
V (Φ)− ρn+2 4
r2
Lint(Φ, A˜)
]
− λ
2
4
ρn−2Lscal(ρ) + 4
λ2ρ2−n
R˜(Γ˜ ) + ρn
1
r2
P˜
}
,
(4.71)
where LYM, Lkin, V , Lint, Lscal and P˜ are defined earlier. This lagrangian density is a general-
ization of the lagrangian from Bergmann’s paper (see Ref. [52]). P. G. Bergmann considers the
lagrangian for the tensor-scalar theory of gravitation including Jordan–Thiry theory and Brans–
Dicke theory. Our lagrangian is more general for two reasons. We have here nonsymmetric metric
tensor gµν as a metric (R(W ) is the lagrangian of gravitational field from the Nonsymmetric
Theory of Gravitation). The lagrangian (4.71) possesses also apart from lagrangian for gauge
field (in the Bergmann’s paper it is an electromagnetic field) lagrangian for Higgs’ field coupled
to Yang–Mills’ field. We also get two terms which play the role of the cosmological terms. In the
Bergmann’s paper there are four arbitrary functions of scalar field ρ, f1, f2, f3, f4. Here we have
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some functions in front of the mentioned lagrangians:
f1(ρ) = ρ
n, f2(ρ) = 8πρ
n+2,
f2′(ρ) = − 2
r2
ρn+2, f2′′(ρ) =
1
r4
ρn+2,
f2′′′(ρ) =
4
r2
ρn+2, f3(ρ) = ρ
n+2,
f4′(ρ) =
4
λ2ρ2−n
, f4′′(ρ) =
1
r2
ρn−2.
(4.72)
Now we proceed with the conformal transformation for the metric gµν and the transformation of
the scalar field ρ. This is only the redefinition of gµν and ρ.
ρ = e−Ψ , (4.73)
gµν → enΨ · gµν = 1
ρn
gµν . (4.74)
This procedure comes of course from Ref. [52]. The only difference is that gµν is now nonsym-
metric. After transformations (4.73) and (4.74) we get the following:
B(W,g, A˜, Ψ, Φ) =
√−g
{
R(W ) +
λ2
4
(
8πe−(n+2)ΨLYM(A˜) + 2e
−2Ψ
r2
Lkin(
gauge
∇ Φ)
− e
(n−2)Ψ
r4
V (Φ)− 4e
(n−2)Ψ
r2
Lint(Φ, A˜)
)
− λ
2
4
Lscal(Ψ) + 1
λ2
e(n+2)Ψ R˜(Γ˜ ) +
enΨ
r2
P˜
}
, (4.75)
where
Lscal(Ψ) = (Mg˜(γν) + n2g[µν]gδµg˜(δγ))Ψ,νΨ,γ ,
M = (ℓ[dc]ℓ[dc] − 3n(n − 1)).
(4.76)
It is easy to see that the scalar field Ψ is chargeless (it has no colour charges). However, it couples
the gauge (Yang–Mills’) field and the Higgs’ field due to the terms:
8πe−(n+2)ΨLYM(A˜), (4.76a)
+
2e−2Ψ
r2
Lkin(
gauge
∇ Φ), (4.76b)
− e
(n−2)Ψ
r4
V (Φ), (4.76c)
− 4e
(n−2)Ψ
r2
Lint(Φ, A˜), (4.76d)
It also couples the cosmological terms:
4
λ2
e(n+2)Ψ R˜(Γ˜ ), (4.77a)
enΨ
r2
P˜ . (4.77b)
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These six terms (4.76a–d) and (4.77a–b) suggest that the scalar field is massive. This is different
than in Brans–Dicke theory, where the scalar field couples the trace of the energy-momentum
tensor for matter.
We can consider a more general case for the lagrangian in the theory, i.e.
(R(W ) + β)
√
|κ|. (4.78)
In this case we get an additional cosmological term βρn or in terms of the field Ψ and after a
redefinition of the nonsymmetric metric gµν(
β
∫
dm(y)
√
|g˜|
)
enΨ . (4.79)
This term can be added to remaining cosmological terms in the theory. Moreover we do not
consider this term anymore because it is not in the real spirit of the Kaluza–Klein (Jordan–Thiry)
Theory.
Before passing to symmetry breaking in our theory we do some cosmetic manipulations, con-
necting constants. The connection ω on the fibre bundle P has no correct physical dimensions.
It is necessary to pass in all formulae from ω to αs
1√
~c
ω
ω → αs 1√
~c
ω, (4.80)
where ~ is the Planck’s constant, c is the velocity of light in the vacuum and αs is dimensionless
coupling constant for the Yang–Mills’ field if this field couples matter. For example in the elec-
tromagnetic case αs =
1√
137
. We use αg = α
2
s =
g2
~c where g is a coupling constant for a gauge
field. The redefinition of ω is equivalent to a usual treatment in a local section e : V ⊃ U → P ,
e∗ω = g
~cA. Now our quantities have correct physical dimensions.
Using (4.80) one easily writes the integral of action (4.53):
S = − 1
r2
∫
U
√−g d4x
[
R(W ) +
8πλ2α2s
4c~
·
(
e−(n+2)Ψ · LYM
+
e−2Ψ
4πr2
Lkin − e
(n−2)Ψ
8πr2
V (Φ)− e
(n−2)Ψ
2πr2
Lint(Φ, A˜)− Lscal(Ψ)
)
+ λc
]
. (4.81)
Thus we get the integral of action for the matter described by the Yang–Mills’ field and scalar
field coupled to gravity. If we want to be in line with the ordinary coupling between gravity and
matter we should put:
8πλ2α2s
4c~
=
8πGN
c4
. (4.82)
One gets:
λ =
2
αs
ℓpl =
2√
αg
ℓpl, (4.83)
where ℓpl is the Planck’s length ℓpl =
√
GN~
c3
≃ 10−33 cm. In this case we have:
λc =
(
e(n+2)Ψα2s
ℓ2pl
R˜(Γ˜ ) +
enΨ
r2
P˜
)
= λc0(Ψ). (4.84)
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For V (Φ) one gets:
V (Φ) = 2ℓab
(
g([m˜n˜],[a˜b˜]) ×
(
αs
1.√
~c
CacdΦ
c
m˜Φ
d
n˜ − 1
αs
√
.~cµ
a
iˆ
f iˆm˜n˜ − Φae˜f e˜m˜n˜
)
×
(
αs
1.√
~c
CbefΦ
e
a˜Φ
f
b˜ −
1
αs
√
.~cµ
b
jˆ
f jˆ a˜b˜ − Φbd˜f d˜a˜b˜
))
av
− ℓab
V2
∫
M
√
|g˜| dn1x
[
ga˜n˜gb˜m˜Laa˜b˜
×
(
αs
1.√
~c
CbcdΦ
c
m˜Φ
d
n˜ − 1
αs
√
.~cµ
b
iˆ
fhatim˜n˜ − Φbe˜f e˜m˜n˜
)]
,
(4.85)
where
g([m˜n˜],[a˜b˜]) = g[m˜n˜]g[a˜b˜]. (4.86)
Let us pass to spontaneous symmetry breaking and the Higgs’ mechanism in our theory. In order
to do this we look for the critical points (the minima) of the potential V (Φ). The scalar factor
before V (Φ) is positive and has no influence on these considerations. However, our field Φ satisfies
the constraints
Φcb˜f
b˜
iˆa˜
− µa
iˆ
Φba˜C
c
ab = 0. (4.87)
Thus we must look for the critical points of
V ′ = V + ψiˆd˜c(Φcb˜f
b˜
iˆd˜
− µa
iˆ
Φbd˜C
c
ab), (4.88)
where ψiˆd˜c is a Lagrange multiplier. Let us calculate
δV ′
δΦ . One finds
δV ′
δΦwv˜
= ℓab
({[
4g([m˜n˜],[a˜b˜])
(
αs
1√
~c
CacdΦ
c
m˜Φ
d
n˜ − 1
αs
√
~cµa
iˆ
f iˆm˜n˜ − Φac˜f c˜m˜n˜
)]
− gn˜a˜,m˜b˜ · Lan˜m˜ − gm˜n˜,r˜p˜ ·
(
δLam˜n˜
δHba˜b˜
)
×
(
αs
1√
~c
CdceΦ
c
r˜Φ
e
p˜ − 1
αs
√
~cµa
iˆ
f iˆr˜p˜ − Φdc˜f c˜r˜p˜
)
×
(
αs
1√
~c
CdceΦ
c
r˜δ
f
wδ
v˜
b˜ − δbwδd˜v˜f d˜a˜b˜
)})
av
+ ψiˆd˜c(δ
c
wf
v˜
iˆd˜
− µa
iˆ
Ccawδ
v˜
d˜),
(4.89)
where
Hbαβ =
(
αs
1√
~c
CdcdΦ
c
a˜Φ
d
b˜
− 1
αs
√
~cµb
iˆ
f iˆa˜b˜ − Φbc˜f c˜a˜b˜
)
(4.90)
and
δLam˜n˜
δHba˜b˜
satisfies the following equation:
ℓdcgm˜b˜g
c˜m˜ δL
d
e˜a˜
δHwp˜q˜
+ ℓcdga˜m˜g
m˜c˜ δL
d
b˜e˜
δHwp˜q˜
= 2ℓcdga˜m˜g
m˜c˜δdwδ
p˜
b˜δ
q˜
c˜ . (4.91)
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It is easy to see that, if
Ham˜n˜ = 0, (4.92)
then
δV ′
δΦ
= 0, (4.93)
if (4.87) is satisfied. In this way we get results from Section 2, i.e. a mass matrix for broken gauge
bosons can be calculated.
M2ij(Φ
k
crt) =
α2s
~c
1
V2
∫
M
√
|θg| dn1x
{
lnpg
m˜p˜
(k)
B pp˜i
((k)
B dm˜j + ξk
n
d
(k)
B dm˜j − ζ
(k)
B da˜jk
oa˜
m˜
− ξζ2kndkob˜m˜koa˜b˜
(k)
B da˜j + ξ
2ζknbkbdk
oa˜
m˜
(k)
B da˜j
)}
(4.94)
k = 0, 1, where
(k)
B bn˜i =
[
δm˜n˜C
b
msα
s
i + δ
b
mf
m˜
n˜i
]
[Φkcrt]
m
m˜. (4.95)
In the case of symmetric theory (lab = hab, ga˜b˜ = h
o
a˜b) one gets
M2ij =
α2s
~c
1
V2
∫
M
√
|θg| dn1x {hbnhom˜p˜Bbp˜iBnm˜j}. (4.96)
For k = 0, Φ0crt, H
k
p˜q˜ = 0 one gets the following matrix for Higgs’ bosons
m2h˜f
e˜
a =
−1
V2
∫
M
{
8α2s
~c
Qsk
[e˜a˜][h˜q˜]CsacC
k
ef (Φ
0
crt)
c
a˜(Φ
0
crt)
e
q˜
− 2αs√
~c
Qas
[p˜q˜][h˜a˜]f e˜p˜q˜C
s
ef (Φ
0
crt)
e
a˜ +
4αs√
~c
Qsf
[e˜a˜][p˜q˜]f h˜p˜q˜C
s
ea(Φ
0
crt)
a
a˜
+Qaf
[c˜d˜][p˜q˜]f ec˜d˜f
h˜
p˜q˜
}√
|g˜| dn1x
(4.97)
For k = 1, Φ1crt, H
k
p˜q˜ 6= 0 and Φ1crt (if exists) satisfies the following equation:
2αs√
~c
Qsk
[e˜a˜][p˜q˜]Csac(Φ
1
crt)
c
a˜ = Qak
[c˜d˜][p˜q˜]f e˜c˜d˜
and a supplementary condition
Φc
b˜
f b˜
ı̂d˜
− µa
ı̂
Φba˜C
c
ab = 0.
A mass matrix for Higgs’ bosons looks like
m2h˜f
e˜
a =
−1
V2
∫
M
(
4αs√
~c
Qsk
[e˜h˜][p˜q˜]Hkp˜q˜(Φ
1
crt)C
s
af
)√
|g˜| dn1x.
Hbm˜n˜(Φ
k
crt) = αs
1√
~c
Cbcd(Φ
k
crt)
c
n˜(Φ
k
crt)
d
m˜ −
1
αs
√
~c µb
ı̂
f ı̂n˜m˜ − (Φkcrt)bc˜f c˜n˜m˜.
Hbm˜n˜(Φ
0
crt) = 0
(4.98)
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Let us pass to the cosmological terms in both cases of a symmetry breaking.
λck = e
(n+2)Ψ α
2
s
ℓ2pl
R˜(Γ˜ ) +
enΨ P˜
r2
+ e(n−2)Ψ
4
~cr2
(ℓ2pl
r2
)
V (Φk
crt
), k = 0, 1. (4.99)
These two terms are different and both depend on the scalar field Ψ . One gets:
λck = e
(n+2)Ψ α
2
s
ℓ2pl
R˜(Γ˜ ) + enΨ
m2
A˜
α2s
(
c
~
)2
P˜ + 4e(n−2)Ψ
m4
A˜
α4s
(
~
3
c5
)
ℓ2plV (Φ
k
crt
). (4.100)
We get:
R˜(Γ˜ ) =
Qs(ξ)
Ps+1(ξ)
, or
Qs(ξ)
Ps(ξ)
, (4.101)
where Qs and Ps are polynomials of the s
th order and Ps+1 is the polynomial of (s + 1)
th order
with respect to ξ. Qs and Ps+1(Ps) have no common divisors.
ℓab = hab + ξkab. (4.102)
In a similar way we can prove that
R̂(Γ̂ ) =
Wk(x, ζ)
Vk+1(x, ζ)
, or
Wk(x, ζ)
Vk(x, ζ)
, x ∈ G/G0, (4.103)
where Wk(x, ζ), Vk(x, ζ) are polynomials of the k
th order with respect to ζ with coefficients
depending on x ∈ G/G0 and Vk+1(x, ζ) is the polynomial of the (k + 1) order with respect to ζ
with coefficients depending on x ∈ G/G0. Wk and Vk+1(Vk) have no common divisors.
g˜a˜b˜ = h
0
a˜b˜
+ ζk0
a˜b˜
. (4.104)
However
P˜ =
∫
M
√|g˜|dn1xR̂(Γ̂ )∫
M
√|g˜|dn1x = 1V1
∫
M
√
|g˜|dn1x Wk(x, ζ)
Vk+1(x, ζ)
=
Rr(ζ)
Sr+1(ζ)
φ(ζ), or
Rr(ζ)
Sr(ζ)
φ(ζ)
(4.105)
and φ(ζ) is a function of ζ where Rr, Sr are polynomials of the r
th order with respect to ζ and Sr+1
is the polynomial of (r + 1)st order with respect to ζ. In both cases we have similar asymptotic
behaviour with respect to ξ and ζ if the function φ is bounded. Rr and Sr+1(Sr) have no common
divisors.
R˜(Γ˜ ) ∼ C1
ξ
or ∼ C1, (4.106)
P˜ ∼ C2
ζ
or ∼ C2, (4.107)
where C1 and C2 are constants. If the polynomials Qs and Rr have real roots ξ0 and ζ0 such that
Qs(ξ0) = 0 (4.108)
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and
Rr(ζ0) = 0 (4.109)
we get
λck(ξ0, ζ0) = 4e
(n−2)Ψ m
4
A˜
α4s
(
~
3
c5
)
ℓ2plV (Φ
k
crt
), k = 0, 1. (4.110)
In the case for sufficiently large ξ, ζ one gets:
λck(ξ, ζ) =
(
e(n+2)Ψ
C ′1
ξ
+ enΨ
C ′2
ζ
)
+ 4
m4
A˜
α4s
(
~
3
c5
)
· e(n−2)Ψ ℓ2plV (Φkcrt)
or
λck(ξ, ζ) = (e
(n+2)ΨC ′1 + e
nΨC ′2) + 4
m4
A˜
α4s
(
~
3
c5
)
· e(n−2)Ψ ℓ2plV (Φkcrt), (4.111)
k = 0, 1; C ′1, C ′2 are constants (mA˜ =
~c
r is a scale of a mass of broken gauge bosons).
Thus in some cases we are able to make the first part of λck as small as we want. V (Φ
k
crt)
is usually supposed to be zero for k = 0. From the observational data point of view we know
that the cosmological constant is small. Thus it occurs in the first or second case (real roots of
polynomials Qs and Rr or in the limit of large ξ and ζ). One gets:
λc0 → 0, (4.112)
λc1 → 4
m4
A˜
α4s
(
~
3
c5
)
ℓ2plV (Φ
1
crt
). (4.113)
This is this possibility to nivel a cosmological term mentioned in Section 3.
Moreover, we have cosmological terms depending on a field Ψ , and a value of a cosmological
constant can be calculated later.
Let us consider Palatini variational principle for the action S.
δS = 0. (4.114)
It is easy to see that (4.114) is equivalent to
δ
∫
U
L(g,W , A˜, Ψ, Φ)
√−g d4x = 0, U ⊂ E. (4.115)
We have the following independent quantities gµν , W
λ
µν , ω˜E, Ψ and Φ. We vary with respect to
the independent quantities. After some calculations one gets:
Rµν(W )− 1
2
gµνR(W ) =
8πK
c4
(
gauge
Tµν +Tµν(Φ) +
scal
Tµν(Ψ) +
int
Tµν +gµνΛ˜), (4.116)
∼g
[µν]
,ν = 0, (4.117)
∇νg[µν] = 0, (4.118)
gµν,σ − gξνΓ ξµσ − gµξΓ ξσν = 0, (4.119)
We get a solution of Eq. (4.119):
Γ λµν = Γ˜
λ
µν +Q
λ
µν +∆
λ
µν (4.120)
49
where Γ˜ λµν is a Levi-Civita connection induced by g(αβ) on E and
Qνγµ =
1
2
(
Kγµ
ν − 2g α[[µ · ]Kγ]αβg
[νβ]
)
(4.121)
is a torsion of the connection Γµλν ,
∆νγµ = g˜
(νδ)
{
K αδ(γ · g[µ)α] + g
β
[ρ · ]
[
g ρ([µ · ]Kγ)αβg
α
[δ · ] −Kδαβg α([γ · ]g ρ[µ) · ]
]}
(4.122)
Kαβγ = −∇˜αg[βγ] − ∇˜βg[γα] + ∇˜γg[αβ] (4.123)
(see Ref. [34]).
((n2 + 2M )g˜(αµ) − n2gνµgδν g˜(αδ)) ∂
2Ψ
∂xα∂xµ
+
1√−g∂µ
{√−g[n2g˜(αµ) − n2
2
gδν(g
ναg˜(µδ) + gνµg˜(µα))− 2Mg˜(µα)
]}
× ∂Ψ
∂xα
− 8π(n + 2)e−(n+2)ΨLYM(A˜)− 4e
−2Ψ
r2
Lkin(Φ, A˜)
+
(n− 2)
r4
e(n−2)ΨV (Φ) +
4(n − 2)
r2
e(n−2)ΨLint(Φ, A˜)
− n
r2
enΨ P˜ − (n+ 2)α
2
s
ℓ2pl
e(n+2)Ψ R˜(Γ˜ ) = 0,
(4.124)
gauge
∇µ (ℓ˜ij ∼˜L
iαµ
) = 2 ∼g
[αβ]
gauge
∇β (h˜ijg[µν]H˜ iµν)
+ 2
√−gαs 1√
~c
enΨ
r2
[
ℓabg
b˜n˜gµαLaµb˜(Φ
d
c˜C
b
dcα
c
j + Φ
b
a˜f
a˜
n˜j)
+
( δLaβb˜
δ
gauge
∇α Φwv˜
)
ℓabg
b˜n˜gβµ(
gauge
∇µ Φbn˜)(Φdw˜Cwdcαcj + Φwa˜ f a˜n˜j)
]
av
+ 4
√−g e
2nΨ
r2
habµ
a
k ℓ˜ijℓ
kig˜[a˜b˜]
gauge
∇µ
{
g[µα]
×
[
1
αs
√
~cCbcdΦ
c
a˜Φ
d
b˜ − αs
(
~
c
µb
iˆ
f iˆa˜b˜ − αs
1√
~c
Φbd˜f
d˜
a˜b˜
)]}
+ (n+ 2)∂βΨ [ℓ˜ij ∼˜L
iβα − 2 ∼g
[µν] (h˜ijg
[µν]H˜ iµν)],
(4.125)
gauge
∇µ (ℓab ∼Laµ b˜)av = −
√−ge
nΨ
2r2
{(
δV ′
δΦbn˜
)
gb˜n˜
− 2√−genΨµei (H˜ iµνg[µν])hed
(
2
αs
√
~cg[a˜n˜]CdcbΦ
c
a˜gb˜n˜
− αs 1√
~c
g[c˜d˜]f n˜c˜d˜gb˜n˜
)
+ 2∂µΨℓab ∼L
aµ
b˜
}
av
,
(4.126)
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where
gauge
Tαβ = − ℓ˜ij
4π
{
gγβg
τρgεγL˜iραL˜
j
τε − 2g[µν]H˜(iµνH˜j)αβ
− 1
4
gαβ [L˜
iµνH˜jµν − 2(g[µν]H˜ iµν)(g[γσ]H˜jγσ)]
} (4.127)
is the energy-momentum tensor for the gauge (Yang–Mills’) field with the zero trace.
gauge
Tαβ g
αβ = 0, (4.128)
scal
Tαβ(Ψ) = −e
(n+2)Ψ
16π
{
(gκαgωβ + gωαgκβ)
× g˜(γκ)g˜(νω) ·
[
n2
2
(gξµgνξ − δµν )Ψ,µ +MΨ,ν
]
Ψ,γ
− gαβ[Mg˜(νµ) + n2g[µν]gδµg˜(γδ)Ψ,νΨ,γ
]}
(4.129)
is the energy-momentum tensor for the scalar field Ψ with nonzero trace
scal
Tαβ(Ψ)g
αβ 6= 0 (4.130)
K = GNe
−(n+2)Ψ = Geff(Ψ). (4.131)
It plays the role of an effective gravitational constant.
Tµν(Φ) =
e(n−4)Ψ
4πr2
ℓabg
b˜n˜Laµb˜
gauge
∇ν Φbn˜
− 1
2
gµν
(
−e
2(n−2)Ψ
8πr4
V (Φ) +
e(n−4)Ψ
4πr2
ℓab(g
b˜n˜gαβLaαb˜
gauge
∇β Φbn˜)av
)
. (4.132)
It is an energy-momentum tensor for the Higgs’ field.
int
Tµν = −e
2(n−2)Ψ
2πr2
habµ
a
i H˜
i
µν g˜
[a˜b˜]
(
1
αs
√
~cCbcdΦ
c
a˜Φ
d
b˜
− αs 1√
~c
µb
iˆ
f iˆa˜b˜ − αs
1√
~c
Φbd˜f
d˜
a˜b˜
)
+
e2(n−2)Ψ
4πr2
gµν
[
habµ
a
i (H˜
i
αβg
[αβ])g˜[a˜b˜]
×
(
1
αs
√
~cCbcdΦ
c
a˜Φ
d
b˜
− αs~
c
µb
iˆ
f iˆa˜b˜ − αs
1√
~c
Φbd˜f
d˜
a˜b˜
)]
.
(4.133)
It is an energy-momentum tensor corresponding to the nonminimal interaction term Lint(A˜, Φ).
Λ˜ =
1
16πGN
(
e(2n+4)Ψα2s
ℓ2pl
R˜(Γ˜ ) +
e(n+2)Ψ
r2
P˜
)
= 16πGNe
−(n+2)Ψ λ˜c0. (4.134)
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It plays the role of the “cosmological constant”, which now depends on the scalar field Ψ . The
quantity
δLa
βb˜
δ
gauge
∇α Φwv˜
satisfies the following equation:
ℓdcgµβg
γµ δL
d
γa˜
δ
gauge
∇α Φwv˜
+ ℓcdga˜m˜g
m˜c˜
δLdβc˜
δ
gauge
∇α Φwv˜
= 2ℓcdga˜m˜g
m˜c˜δαβδ
v˜
c˜δ
d
w, (4.135)
∼˜L
iµν
=
√−ggβµgγν L˜iβγ , (4.136)
∼g
[µν]=
√−gg[µν], (4.137)
Equations (4.116), (4.117) and (4.119) are gravitational equations from N.G.T. with the following
matter sources: Yang–Mills’ field (in the nonsymmetric version), Higgs’ field, scalar field Ψ with
a presence of the cosmological term depending on scalar field Ψ . Equation (4.124) is the equation
for the scalar field Ψ . This field is of course chargeless, but it interacts with Yang–Mills’ field
and Higgs’ field due to some terms in (4.124). It interacts also with cosmological terms, which
effectively depend on Ψ . This field due to equation (4.131) has an interpretation as an effective
gravitational constant. Equation (4.125) is the equation for Yang–Mills’ field. Now as in the
Nonsymmetric Kaluza–Klein Theory we have for this field two tensors of strength H˜µν and L˜
i
µν
(ordinary and an induction one) and the nonsymmetric parts of metrics on E and on G induce the
polarization M˜ iµν . In the equation (4.125) we have sources connected to a skewsymmetric part
of metric gµν and to Higgs’ field. Due to the existence of a skewsymmetric part of metric ℓab and
ga˜b˜ the current connected to Higgs’ field is more complicated. Equation (4.126) is an equation for
Higgs’ field. We write this equation in terms of tensor
Laµb˜ = g
αµLaαb˜. (4.138)
This tensor plays a similar role for
gauge
∇α Φab˜ as L˜iµα for H˜ iµα.Thus we have in the theory an
analogue of the polarization tensor Maαb˜ for Higgs’ field
Laαb˜ =
gauge
∇α Φaβ −
4π
c
Maαb˜. (4.139)
Let us consider the following two AdH− type two-forms L̂ = L
a
αb˜θ
α ∧ θb˜Xa and M̂ = Maαb˜θα ∧
θb˜Xa. One gets L̂ = Ω̂ − 4πc M̂ = Ω̂ − 12Q̂, where
Q̂ =
gauge
∇α Φab˜θα ∧ θαXa, Q̂ = Qaαb˜θα ∧ θbXa.
In this way we get a geometrical interpretation of the polarization 2-form of the Higgs’ field as a
part of a torsion.
The field Ψ due to (4.131) is connected to the effective gravitational constant. However, it
also enters the definition of energy-momentum tensors Tµν(Φ) and
int
Tµν . Thus it plays the role of
the universal factor. In the next section we deal with this field in details.
Let us notice that the left-hand side of Eq. (4.125) can be rewritten in the following way
gauge
∇µ (l˜ij ∼˜L
iαµ
) =
√−g
gauge
∇˜µ (l˜ijL˜iαµ), (4.140)
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where
gauge
∇˜µ means a covariant derivative with respect to the connection ω˜αβ on E and ωE on
Q(E,G) at once. One gets from Eq. (4.116):
R˜βγ = 8π(
eff
T (βγ) − 12gµν
eff
T µνg(βγ)) +
3
4∇˜δ∆δβγ − 14∇˜(γ∆αβ)α (4.141)
−12∇˜δQδβγ + 14∇˜[γ∆αβ]α + 23W [β,γ] = 8π(
eff
T [βγ] − 12gµν
eff
T µνg[βγ]). (4.142)
One can eliminate Wµ from the theory using (4.142) and getting
1
4∇˜[[γ∆αβ]|α|,µ] −
1
2
∆˜δQ[βγ,µ] = 8π
(eff
T [[βγ],µ] −
1
2
(gαν
eff
T ανg[[βγ]),µ]
)
, (4.143)
8π
eff
T αβ is the right-hand side of Eq. (4.116).
Now we can proceed considerations of a hierarchy of a symmetry breaking from Section 2.
Let us recapitulate Section 4 (up to now).
The Nonsymmetric Kaluza–Klein (Jordan–Thiry) Theory unifies the Nonsymmetric Gravi-
tational Theory (NGT) and gauge fields (Yang–Mills’ fields) including spontaneous symmetry
breaking and the Higgs’ mechanism with scalar forces connected to the gravitational constant
and cosmological terms appearing as the so-called quintessence. The theory is geometric and
unifies tensor-scalar gravity with massive gauge theory using a multidimensional manifold in a
Jordan–Thiry manner. We use a nonsymmetric version of this theory. The general scheme is the
following. We introduce the principal fibre bundle over the base V = E × G/G0 with the struc-
tural group H, where E is a space-time, G is a compact semisimple Lie group, G0 is its compact
subgroup and H is a semisimple compact group. The manifold M = G/G0 has an interpretation
as a “vacuum states manifold” if G is broken to G0 (classical vacuum states). We define on the
space-time E, the nonsymmetric tensor gαβ from NGT. Simultaneously we introduce on E two
connections from NGTWαβγ and Γ
α
βγ . On the homogeneous spaceM we define the nonsymmetric
metric tensor
ga˜b˜ = h
0
a˜b˜
+ ζk0
a˜b˜
(4.144)
where ζ is the dimensionless constant. Now on the principal bundle P we define the connection ω,
which is the 1-form with values in the Lie algebra of H.
After this we introduce the nonsymmetric metric on P right-invariant with respect to the
action of the group H, introducing scalar field ρ in a Jordan–Thiry manner. The only difference
is that now our base space has more dimensions than four. It is (n1 + 4)-dimensional, where
n1 = dim(M) = dim(G) − dim(G0). In other words, we combine the nonsymmetric tensor γAB
on V with the right-invariant nonsymmetric tensor on the group H using the connection ω and
the scalar field ρ. We suppose that the factor ρ depends on a space-time point only. This
is really the Jordan–Thiry theory in the nonsymmetric version but with (n1 + 4)-dimensional
“space-time”. After this we act in the classical manner. We introduce the linear connection
which is compatible with this nonsymmetric metric. This connection is the multidimensional
analogue of the connection Γ˜αβγ on the space-time E. Simultaneously we introduce the second
connection W . The connection W is the multidimensional analogue of the W -connection from
NGT and Einstein’s Unified Field Theory. Now we calculate the Moffat–Ricci curvature scalar
R(W ) for the connection W and we get the following result. R(W ) is equal to the sum of the
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Moffat–Ricci curvature on the space-time E (the gravitational lagrangian in Moffat’s theory of
gravitation), plus (n1+4)-dimensional lagrangian for the Yang–Mills’ field from the Nonsymmetric
Kaluza–Klein Theory plus the Moffat–Ricci curvature scalar on the homogeneous space G/G0 and
the Moffat–Ricci curvature scalar on the group H plus the lagrangian for the scalar field ρ. The
only difference is that our Yang–Mills’ field is defined on (n1 + 4)-dimensional “space-time” and
the existence of the Moffat–Ricci curvature scalar of the connection on the homogeneous space
G/G0. All of these terms (including R(W )) are multiplied by some factors depending on the
scalar field ρ.
This lagrangian depends on the point of V = E ×G/G0 i.e. on the point of the space-time E
and on the point of M = G/G0. The curvature scalar on G/G0 also depends on the point of M .
We now go to the group structure of our theory. We assume G invariance of the connection ω
on the principal fibre bundle P , the so called Wang condition. According to the Wang theorem
the connection ω decomposes into the connection ω˜E on the principal bundle Q over space-time E
with structural group G and the multiplet of scalar fields Φ. Due to this decomposition the mul-
tidimensional Yang–Mills’ lagrangian decomposes into: a 4-dimensional Yang–Mills’ lagrangian
with the gauge group G from the Nonsymmetric Kaluza–Klein Theory, plus a polynomial of 4th
order with respect to the fields Φ, plus a term which is quadratic with respect to the gauge deriva-
tive of Φ (the gauge derivative with respect to the connection ω˜E on a space-time E) plus a new
term which is of 2nd order in the Φ, and is linear with respect to the Yang–Mills’ field strength.
After this we perform the dimensional reduction procedure for the Moffat–Ricci scalar curvature
on the manifold P . We average R(W ) with respect to the homogeneous spaceM = G/G0. In this
way we get the lagrangian of our theory. It is the sum of the Moffat–Ricci curvature scalar on E
(gravitational lagrangian) plus a Yang–Mills’ lagrangian with gauge group G from the Nonsym-
metric Kaluza–Klein Theory (see [7]), plus a kinetic term for the scalar field Φ, plus a potential
V (Φ) which is of 4th order with respect to Φ, plus Lint which describes a nonminimal interaction
between the scalar field Φ and the Yang–Mills’ field, plus cosmological terms, plus lagrangian
for scalar field ρ. All of these terms (including R(W )) are multiplied of course by some factors
depending on the scalar field ρ. We redefine tensor gµν and ρ and pass from scalar field ρ to Ψ .
After this we get lagrangian which is the sum of gravitational lagrangian, Yang–Mills’ lagrangian,
Higgs’ field lagrangian, interaction term Lint and lagrangian for scalar field Ψ plus cosmological
terms. These terms depend now on the scalar field Ψ . In this way we have in our theory a mul-
tiplet of scalar fields (Ψ,Φ). As in the Nonsymmetric-Nonabelian Kaluza–Klein Theory we get
a polarization tensor of the Yang–Mills’ field induced by the skewsymmetric part of the metric
on the space-time and on the group G. We get an additional term in the Yang–Mills’ lagrangian
induced by the skewsymmetric part of the metric gαβ . We get also Lint, which is absent in the
dimensional reduction procedure known up to now. Simultaneously, our potential for the scalar—
Higgs’ field has more complicated structure, due to the skewsymmetric part of the metric on G/G0
and on H. This structure offers two kinds of critical points for the minimum of this potential:
Φ0
crt
and Φ1
crt
. The first is known in the classical, symmetric dimensional reduction procedure and
corresponds to the trivial Higgs’ field (“pure gauge”). This is the “true” vacuum state of the
theory. The second, Φ1
crt
, corresponds to a more complex configuration. This is only a local (no
absolute) minimum of V . It is a “false” vacuum. The Higgs’ field is not a “pure” gauge here. In
the first case the unbroken group is always G0. In the second case, it is in general different and
strongly depends on the details of the theory: groups G0, G, H, tensors ℓab, ga˜b˜ and the constants
ζ, ξ. It results in a different spectrum of mass for intermediate bosons. However, the scale of
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the mass is the same and it is fixed by a constant r (“radius” of the manifold M = G/G0). In
the first case V (Φ0
crt
) = 0, in the second case it is, in general, not zero V (Φ1
crt
) 6= 0. Thus, in the
first case, the cosmological constant is a sum of the scalar curvature on H and G/G0, and in the
second case, we should add the value V (Φ1
crt
). We proved that using the constant ξ we are able in
some cases to make the cosmological constant as small as we want (it can change the sign). Here
we can perform the same procedure for the second term in the cosmological constant using the
constant ζ. It can change the sign too.
Let us notice the following fact. In Ref. [10] we consider the GSW (Glashow–Salam–Weinberg)
model in a framework of the NKKT. In this case we have to do only with one critical point (because
of a simplicity of M = S2) and V (Φcrt) 6= 0.
The interesting point is that there exists an effective scale of masses, which depends on the
scalar field Ψ .
Using Palatini variational principle we get an equation for fields in our theory. We find
a gravitational equation from N.G.T. with Yang–Mills’, Higgs’ and scalar sources (for scalar
field Ψ) with cosmological terms. This gives us an interpretation of the scalar field Ψ as an
effective gravitational constant.
We get an equation for this scalar field Ψ . Simultaneously we get equations for Yang–Mills’
and Higgs’ field. We also discuss the change of the effective scale of mass, meff with a relation to
the change of the gravitational constant Geff .
In the “true” vacuum case we get that the scalar field Ψ is massive and has Yukawa-type
behaviour. In this way the weak equivalence principle is satisfied. In the “false” vacuum case
the situation is more complex. It seems that there are possible some scalar forces with infinite
range. Thus the two worlds constructed over the “true” vacuum and the “false” vacuum seem to
be completely different: with different unbroken groups, different mass spectrum for the broken
gauge and Higgs’ bosons, different cosmological constants and with different behaviour for the
scalar field Ψ . The last point means that in the “false” vacuum case the weak equivalence principle
could be violated and the gravitational constant (Newton’s constant) would increase in distance
between bodies. Here we work in a true vacuum case.
We are interested in properties of the scalar field Ψ which is a source of an inconstancy of
an effective gravitational constant. Thus we consider a lagrangian of this field, neglecting Yang–
Mills’ field and Higgs’ fields from the full theory. A kinetic part of a lagrangian of the field Ψ
looks:
Lkinscal(Ψ) =
(
Mg(γν) + n2g[µν]gδµg˜
(δγ))Ψ,νΨγ
M =
(
l[dc]l[dc] − 3n(n− 1)
)
.
(4.145)
This field couples to cosmological constants in the theory: R˜(Γ˜ )—a scalar curvature of a connec-
tion Γ˜ on group manifold H, and to
P˜ =
1
V2
∫
G/G0
dn1x R̂(Γ̂ ),
where V2 is a volume of a manifold M = G/G0 and R̂(Γ̂ ) is a scalar curvature of a connection Γ̂
defined on this manifold, and a full lagrangian for a field Ψ looks
L = Lkinscal(Ψ) + λc0(Ψ), (4.146)
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where
λc0(Ψ) = α
2
s
exp((n+ 2)Ψ)
l2pl
R˜(Γ˜ ) +
exp(nΨ)
r2
P˜ , (4.147)
lpl =
√
GN~
c3
≃ 10−33 cm is a Planck’s length, and αs is a dimensionless coupling constant. Due
to nonsymmetricity of a connection Γ˜ and Γ̂ , R˜(Γ˜ ) and P˜ are function of constants µ and ζ and
can change the signs. Explicit examples are for G = SU(2) and M = S2. λc0 can be written in a
different way
λc0 = exp((n + 2)Ψ)
α2s
l2pl
R˜(Γ˜ ) + exp(nΨ)
m2
A˜
α2s
( c
~
)2
P˜ , (4.148)
where mA˜ is a scale of mass of broken gauge bosons. Moreover, we get an equation for a scalar
field Ψ
2
[(
(n2 + 2M )g˜(αµ) − n2gµνgδν g˜(αδ)
) ∂2Ψ
∂xα∂xµ
+
1√−g ∂µ
{√−g[n2g˜(αµ) − n2
2
gδν
(
gναg˜(µδ) + gνµg˜(µα)
)− 2Mg˜(µα)]} ∂Ψ
∂xα
]
− n
r2
exp(nΨ)P˜ − (n+ 2)α
2
s
l2pl
exp((n+ 2)Ψ)R˜(Γ˜ ) = 0. (4.149)
We neglect in Eq. (4.149) terms involving Yang–Mills’ fields and Higgs’ fields.
We are interested in a propagation of this field in Riemannian geometry. Thus Eq. (4.149)
simplifies. The cosmological terms in the full lagrangian of the theory can be considered as
selfinteraction potential of a scalar field Ψ
U(Ψ) = exp((n+ 2)Ψ)
α2sR˜(Γ˜ )
l2pl
+
P˜
r2
exp(nΨ) = γ exp(nΨ) + β exp((n+ 2)Ψ). (4.150)
The cosmological “constant” (cosmological term) is equal to
λco(Ψ) = −γ
2
exp(nΨ)− β
2
exp((n + 2)Ψ) = −1
2
U(Ψ). (4.151)
The simplified equation for Ψ looks:
2M∇˜α(gαβ∂βΨ)− (n+ 2) exp((n+ 2)Ψ)β − n exp(nΨ)γ = 0. (4.152)
In order to find a cosmological constant in the theory we should minimize a selfinteraction
potential with respect to field Ψ . One gets that for the value
exp(Ψ0) = x0 =
√
n|γ|
(n+ 2)β
(4.153)
we get a minimum for U . In this way
λco(Ψ0) =
xn0 |γ|
(n + 2)
(4.154)
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(γ < 0, β > 0). λc0(Ψ0) can be considered as a cosmological constant (a true constant).
Let us notice the following fact. If we write Ψ = Ψ0 + ϕ where we have redefined field Ψ we
get
2∇˜α
(
gαβ∂βϕ)− x
n
0 |γ|n
M
exp(nϕ)(exp(2ϕ) − 1) = 0. (4.155)
Using Eq. (4.154) we get
∇˜α
(
gαβ∂βϕ)− n(n+ 2)
2M
λc0 exp(nϕ)(exp(2ϕ) − 1) = 0. (4.156)
Taking a known value of a contemporary cosmological constant as λco (Λ˜ = 10
−52 1
m2 ) we come
to the equation
∇˜α
(
gαβ∂βϕ
)
+ ε˜ exp(nϕ)(exp(2ϕ) − 1) = 0, (4.157)
where ε˜ = sgnM . In Eq. (4.154) we use natural scales of space and time coordinates.
L =
√
n(n+ 2)λc0(Ψ0)
2|M | ≃ 10Mpc, T =
L
c
≃ 32× 106yr. (4.158)
T is of order of a geological time or a propagation time of temperature perturbations from a
centre of the Sun to its surface.
In linear approximation in Minkowski space one gets
ηαβ∂αβϕ+ 2ε˜ϕ = 0 (4.159)
or in ordinary coordinates
ηαβ∂αβϕ+
ε˜n(n+ 2)Λ˜
|M | ϕ = 0. (4.160)
Thus in linear approximation field ϕ is massive with a mass
m0 =
√√√√n(n+ 2)Λ˜
|M | (4.161)
and a cosmological constant is equal to
Λ˜ = λco =
xn0 |γ|
n+ 2
. (4.162)
Let us consider Eq. (4.124), i.e. the equation for field Ψ . Let us take such a solution of Ψ that
Ψ = Ψ0 in such a way that Ψ0 extremizes (minimalizes) a selfinteraction term (a cosmological
term) for the field Ψ .
One can easily calculate a cosmological “constant” (a cosmological term) from Eq. (4.154).
One gets
Λ = λc0(Ψ0) = −
1
2(n+ 2)
(
n
n+ 2
)n/2( P˜
r2
)
·
∣∣∣∣ l2plα2Sr2 P˜R˜(Γ˜ )
∣∣∣∣n/2. (4.163)
Due to previous considerations from Section 3 we get the constant of desired value using k0
a˜b˜
, kab,
h0a˜b˜ tensors and also constants ξ and ζ.
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In this way an effective gravitational constant is equal to Geff = K(Ψ0) = GNe
−(n+2)Ψ0 .
Moreover, if we consider our world (our Universe) as a world with a minimum (extremum) of a
cosmological term we can rescale Geff in such a way that GN = Geff(Ψ0) and GN = G0e
−(n+2)Ψ0 ,
where G0 = Geff(0).
Thus an effective gravitational constant
Geff = GNe
−(n+2)ϕ
where ϕ is a field defined by us above. From Eq. (4.124) it is easy to see that this field is massive in
a linear approximation with a mass calculated by us. It is convenient to introduce a quintessence
field q0 with the same mass. In all field equations we can write Ψ = Ψ0 + ϕ (introducing q0 if
necessary, for a definition of q0 see the second equation in Eq. (5.2)).
Let us consider a full field equation for a gravitational field, i.e. Eqs (4.141), (4.142) and
(4.143) after elimination of the field Wµ. In this case we put in all the formulae Ψ0 = Ψ + ϕ with
a rescaling of Geff we mentioned before. The most important for us is Eq. (4.143).
Let us give the following remark. The cosmological constant in the theory is of a dynamical
origin. It is the minimum (extremum) of a selfinteraction potential of a field Ψ , λc0(Ψ0) = U(Ψ0).
In linearized field equations, especially in Eq. (4.143), we put in the place of U(Ψ) a value
U(Ψ0) introducing the cosmological constant.
Let us consider a linearization procedure for the full field equations with respect to hµν , i.e.
(see also Ref. [53], for comparison)
gµν = ηµν + h(µν) + h[µν], |hµν | ≪ 1. (4.164)
(weak field approximation). One gets
gµν ≃ ηµν − ηµαηνβhαβ,
ηαβ is a Minkowski tensor (weak field approximation).
Fµνλ = 2Λ˜Fµνλ (4.165)
Fµνλ = h[[µν],λ] (4.166)
h[µν]
,ν = 0. (4.167)
Equation (4.165) can be rewritten in a more general way using
1
4
∇˜[γ∆α[β]|α|,µ] −
1
2
∇˜δQ˜[βγ,µ] = 8πT [[βγ],µ], (4.168)
8πT [[βγ],µ] is the right-hand side of Eq. (4.143). One gets
Fµνλ = 2Λ˜Fµνλ + 8π
lin
T [[µν],λ] (4.169)
where
lin
T [[µν],λ] is a linearized version of the right-hand side of (4.168).
We give below formulae which we use for derivation of Eq. (4.169).
Qνγµ =
1
2
(
Kγµ
ν − 2g α[[µ · ]Kγ]αβg
[νβ]
)
=
1
2
(
−∇˜γg ν[µ · ] − ∇˜µg ν[ · γ]
+ g˜(νρ)∇˜ρg[γµ] − 2g α[[µ · ]
(
−∇˜
γ]g[αβ] − ∇˜αg[βγ]] + ∇˜βg[γ]α]
)
g[νβ]
)
,
(4.170)
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∇˜ is a covariant derivative with respect to Levi-Civita connection generated by g(αβ) on E.
∆νγµ = g˜
(νδ)
{(
−∇˜δg α[(γ · ] − ∇˜(γg α[ · δ] + g˜(αρ)∇˜ρg[δ(γ]
)
· g[µ)α]
+ g β[ρ · ]
[
g ρ([µ · ]
(
− ∇˜γ)g[αβ] − ∇˜αg[βγ)] + ∇˜βg[γ)α]
)
g α[δ · ]
−
(
−∇˜δg[αβ] − ∇˜αg[βδ] + ∇˜βg[δα]
)
g α([γ · ]g
ρ
[µ) · ]
]}
,
(4.171)
1
4
∇˜[ωg˜(νδ)
{(
−∇˜δg α[(β] · ] − ∇˜(β]g
α
[ · δ] + g˜
(αρ)∇˜ρg[δ(β]]
)
g[|ν|)α]
+ g β[ρ · ]
[
g ρ(|ν| · ]
(
−∇˜δ)g[αβ]] − ∇˜αg[β]δ)] + ∇˜β]g[|δ|)α]
)
g α[δ · ]
]}
,µ]
− 1
4
∇˜ν
(
−∇˜[βg ν[ω · ] − ∇˜[ωg ν[ · [β] + g˜
(νρ)∇˜ρg[[βω]
+ 2g α[[ω · ]
(
−∇˜
[β]g[αρ] − ∇˜αg[ρ]β] + ∇˜ρg[[β]α]
)
g[νρ]
)
,µ]
= 8πT[[βω],µ]
(4.172)
R˜βγ = 8πT(βγ) +
3
4
∇˜ν
(
g˜(νδ)
{(
−∇˜δg α[(β · ] − ∇˜(βg α[ · δ] + g˜(αρ)∇˜ρg[δ(β]
)
· g[γ)α]
+ g σ[ρ · ]
[
g ρ([γ · ]
(
−∇˜(βg[ασ] − ∇˜αg[σ(β] + ∇˜σg(βα]
)
g α[δ · ]
−
(
−∇˜δg[ασ] − ∇˜αg[σδ] + ∇˜σg[δα]
)
· g α[γ · ]g ρ[γ) · ]
]})
− 1
4
∇˜(γ
{
g˜(νδ)
{(
−∇˜δg α[(β · ] − ∇˜βg α[ · δ] + g˜(αρ)∇˜ρg[δ(β]
)
· g[ν)α]
+ g σ[ρ · ]
(
g ρ([ν · ]
(
−∇˜β)g[ασ] − ∇˜αg[σβ)] + ∇˜σg[β)α]
)
g α[δ · ]
−
(
−∇˜β)g[ασ] − ∇˜αg[σβ)] + ∇˜σg[β)α]
)
g α[δ · ]
−
(
−∇˜δg[ασ] − ∇˜αg[σδ] + ∇˜σg[δα]
)
· g α[γ · ]g ρ[ν) · ]
]}}
(4.173)
For R˜µν we have
R˜µν = −h(µν) (4.174)
h(µν) = h(µν) −
1
2
ηαβh(αβ)ηµν (4.175)
h(µν),ν = 0 (4.176)
h(µν) = −8π(
eff.lin
T (µν)),
where
eff.lin
T (µν) is a linearization of (
eff
T (µν) − 12g(µν)gαβ
eff
T αβ) in first order.
The field h[µν] has a spin one (see Ref. [54]). In some sense h[µν] is a different form of a vector
field (Proca field with nonzero mass). In the case of zero mass (Λ˜ = 0) it has spin zero.
In this way a skewon field h[µν] is massive in a linear approximation due to cosmological term.
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Let us consider a new field aρ such that
εµνλρFµνλ = aρ, a
ρ = ηαρaα. (4.177)
One gets
∂aρ
∂xρ
= ηαβaα,β = 0 (4.178)
and
aρ = m
2aρ + 8πε
µνλ
ρ
lin
T [[µν],λ]
∂aρ
∂xρ
= 0, m2 = 2Λ˜.
(4.179)
Thus aρ is a Proca field with the same mass as a skewon field. Λ˜ is a measured cosmological
constant.
Let us introduce a tensor of strength of aρ
fµν = ∂µaν − ∂νaµ (4.180)
h[[µν],λ] = Fµνλ =
1
6
εµνλρa
ρ (4.181)
Using fµν we get
fµν,µ = aν (4.182)
and eventually
fµν,µ = m
2aρ + 8πε
µνλ
ρ ·
lin
T [[µν],λ]
m = mskewon
(4.183)
εµνλρ is an antisymmetric symbol such that ε1234 = 1.
Let us consider Eq. (4.183) with an electromagnetic field in first order of approximation.
aν = m
2aν +
8πGN
c4
em
T [[µα],λ]ε
µαλ
ν (4.184)
where
em
T [µν] = −
1
16π
FαβFαβh[µν]. (4.185)
One gets
aν = m
2aν − GN
2c4
FαβFαβ · εµγλνh[[µγ],λ] (4.186)
or
aν = m
2aν − GN
2c4
FαβFαβaν . (4.187)
Let us notice the following fact: an interaction term
L˜int = GN
2c4
FαβFαβaν (4.188)
is very weak because of the constant in front of GN
2c4
.
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One can derive Eq. (4.187) from the following lagrangian in a Minkowski space (remember we
are in the first order of approximation of a weak field):
L = −1
4
fµνfµν − m
2
2
aνa
ν − GN
4c4
(FαβFαβ)aνa
ν . (4.189)
We neglect equations for an electromagnetic field Fαβ . Thus the interaction of our “skewon” field
aν is very weak with an electromagnetic field (with any field). It means that “skewon” Dark
Matter is extremely hard to be detected. It interacts really only gravitationally. We neglect
all terms connecting to gauge fields, Higgs’ fields, except electromagnetic field. Those neglected
terms are similar in a form and can easily be derived. aµ is really a pseudovector because of εµναλ
antisymmetric symbol in the definition. We have P λµaλ(Px) = −aµ(x), where P λµ is a space
inverse operation
P λµ =

−1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 1
 , Px = P (x,y,z, t) = (−x,−y,−z, t) = (−~r, t).
The same situation we have to do with the field ϕ (small oscillation around the minimum of
a self-interaction pt of the field Ψ). Interacting terms in the mentioned equation are only due to
a term in front GNc4 and the field ϕ interacts only gravitationally. An equation and an effective
lagrangian in a weak field approximation look as follows (in Minkowski space):
(M −m20)ϕ+ (n+ 2)
GN
2c4
FαβFαβe
(n+2)ϕ = 0, ε = 1, (4.190)
L = M
2
∂µϕ∂µϕ− 1
2
m20ϕ
2 +
GN
2c4
FαβFαβe
(n+2)ϕ, (4.191)
m0 is the mass of a scalaron. In Ref. [15] we consider a different scheme of linearization of field
equations getting similar results.
We include to Eqs (4.190)–(4.191) only a lagrangian for electromagnetic fields. The exponen-
tial factor e(n+2)ϕ due to smallness of the field ϕ (|ϕ| ≪ 1) does not make strong interactions
between photons and scalarons.
What is a mass of a skewon field? It is easy to see that
mskewon =
√
λc0(Ψ0) ≃ 10−5 eV. (4.192)
Let us come back to the scalar field ϕ (or Φ). In theoretical considerations it is better to work
with the field ϕ. Moreover, in cosmology it is better to use Ψ field. This field is known as a
so called quintessence field. This field is a source of a cosmological constant. Moreover we can
proceed an inflationary scenario using quintessence field. Due to quintessence field we get also
non-Newtonian limits in gravitational physics. This results in very interesting behaviour “of an
effective gravitational constant” Geff (see Ref. [5]). This can explain anomalous accelaration of
Pioneer 10/11 spacecrafts (see Refs [7], [8]). Quintessence field from the Nonsymmetric Kaluza–
Klein (Jordan–Thiry) Theory is a basic tool to get inflationary models in cosmology (see Refs [5],
[15]). The mass of a quintessence particle is easy to calculate. Quintessence particle is a scalar
particle, a scalaron.
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One gets
m0 = mquintessence = mscalaron =
1
2
~
c
√
n(n+ 2)
|M |
√
λc0(Ψ0) . (4.193)
Using the value of λc0 one finally gets
m0 ≃
√
n(n+ 2) · 0.17 · 10−39 g (M = 1) (4.194)
or
m0 ≃
√
n(n+ 2) · 0.95 · 10−5 eV (M = 1). (4.195)
For example, if we take n = 14(= dimG2), one finally gets
m0 ≃ 14.2 · 10−5 eV. (4.196)
This value is bigger than that considered by different authors. Moreover, still sufficiently
small. The particle interacts only gravitationally and because of this it is undetectable by using
known experimental methods. Taking a density of dark energy as 0.7 of a critical density,
ρc = 1.88h
2 · 10−29 g
cm3
, (4.197)
one gets a number of quintessence particles per unit volume
n =
h2√
n(n+ 2)
· 1.31 · 1010 1
cm3
(4.198)
where h is a dimensionless Hubble constant 0.7 < h < 1. Taking n = 14 and h = 0.7 one finally
gets
n = 4 · 108 1
cm3
(4.199)
which is many orders of magnitude smaller than Loschmidt number. Thus a gas of quintessence
particles is not so dense from the point of view of our earth conditions. However, if this number
of particles per unit volume is considered in a container of size 200Mpc, the gas can be considered
as extremely dense.
In order to settle—is this gas dense or not—we should calculate a mean scattering length.
The scattering cross-section for a quintessence particle
σ =
1
λc0(Ψ0)
= 1052m2. (4.200)
A mean scattering length
l =
1
σn
(4.201)
where n is a number of quintessence particles per unit volume (Eq. (4.199)).
One gets
l = 10−60m. (4.202)
It means that a gas of quintessence particles is extremely dense (if we apply the Knudsen
criterion—a gas is dense if l≪ L, where L is the size of the container) even in the Solar System.
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One can find a relation between a skewon mass and a quintessence particle mass. It is
mquintessence =
1
2
√
n(n+ 2)mskewon. (4.203)
Let us notice the following fact. In our theory we have two natural candidates for a dark
matter. They are a skewon and a quintessence particle. Both particles are massive with a mass of
the same order (10−5 eV, see (4.203)). They are weakly interacting with an ordinary matter, they
are a part of gravity. Skewon is a quant of a quantized (in a linear approximation) skew-symmetric
part of the metric. In contradiction to a graviton it obtains a mass due to a cosmological constant.
A quintessence particle is a quant of a quantized scalar field Ψ in a linear approximation. The
scalar field Ψ plays many roles in the theory. It influences an effective gravitational constant and
cosmological terms.
Simultaneously we explain cosmological constant via our quintessence scenario.
Both particles interact gravitationally—they are part of gravity. A dark matter problem
appears on many levels in the Universe. On the level of galaxies, clusters of galaxies and on the
level of cosmological models. It seems, it is quite universal. This universality is similar to the
universality of gravitational interactions. Some researchers claim that because of this it is natural
to change a gravitational theory in order to give a pure gravitational explanation of the effect of
a dark matter. Moreover, in our proposal we have to do with a deformation of General Relativity
(due to nonsymmetric metric and a scalar field from the Nonsymmetric Jordan–Thiry Theory).
The theory satisfies a Bohr correspondence principle. The additional gravitational degrees of
freedom are universal as a gravity itself. Thus both massive particles corresponding to these
degrees of freedom can be considered seriously as a dark matter (gravitons cannot be “a dark
matter”, they are massless, they are a part of a radiation). Cosmological models with such a dark
matter will be examined elsewhere.
Let us give the following remark. We suppose that due to cosmological evolution of the field Ψ
(or ϕ or q0) we get such a configuration that U(Ψ0) = min and this value corresponds to the
measured cosmological constant. We put this value into field equations for remaining field and
proceed a linearization procedure. We fitted (in principle) the value of a cosmological constant
using h0a˜b˜, ζ, k
0
a˜b˜, kab, ξ to the measured value Λ˜ (Eq. (4.151)), 2Λ˜ = U(Ψ0).
5 Effective gravitational “constant” Geff in various solutions of
equation for a field Ψ (or ϕ or q0). The fifth force problem.
A Dark Matter or the fifth force (Geff) or both?
Let us write an equation for the scalar field Ψ in terms of the scalar field ϕ. One easily gets
gαβ(∇˜α∂βϕ)− n(n+ 2)
16πM
λc0(Ψ0)m
2
ple
nϕ(e2ϕ − 1) = 0 (5.1)
or in terms of q0
gαβ(∇˜α∂βq0) + ε˜α(exp(2βq0)− 1) = 0, (5.2)
where
Ψ = Ψ0 +
mpl
2
√
2π|M |
q0 = Ψ0 + βq0 = Ψ0 + ϕ.
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In order to find some influence of q0 (quintessence) field on the value of the effective gravita-
tional constant we consider a field equation for the scalar q0 field in empty space. One gets(
∂2q0
∂t2
−−→∇2q0
)
+ ε˜α exp(nβq0)
(
exp(2βq0)− 1
)
= 0 (5.3)
where
α =
λc0(Ψ0)n(n+ 2)m
2
pl
16π ·M (5.4)
β =
mpl
2
√
2π|M |
(5.5)
ε˜ = sgnM, ε˜2 = 1. (5.6)
Let us consider a static, spherically symmetric case. In the spherical coordinates one gets
0 =
1
r2
d
dr
(
r2
dq0
dr
)
− ε˜α exp(nβq0)
(
exp(2βq0)− 1
)
(5.7)
where q0 = q0(r) is a function of r only. In order to treat this equation it is easier to come back
to the old variable ϕ = βq0. One gets
1
r2
d
dr
(
r2
dϕ
dr
)
− 1
4
ε˜λc0(Ψ0) exp(nϕ)
(
exp(2ϕ) − 1) = 0. (5.8)
We change the independent variable r into τ
1
τ2
d
dτ
(
τ2
dϕ
dτ
)
− ε˜ exp(nϕ)(exp(2ϕ)− 1) = 0 (5.9)
where
r =
2√
λc0(Ψ0)
τ (5.10)
and
λc0 =
n(n+ 2)λc0(Ψ0)
8πM
m2pl . (5.11)
We consider Eq. (5.9) in two regions:
1) for small fields ϕ,
2) for large fields ϕ.
In the first region we get
1
τ2
d
dτ
(
τ2
dϕ
dτ
)
+ ε˜enϕ = 0. (5.12)
In the second region we get
1
τ2
d
dτ
(
τ2
dϕ
dτ
)
− ε˜e(n+2)ϕ = 0. (5.13)
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Let us notice that both equations have similar nature and can be reduced to the equation
1
x2
d
dx
(
x2
dy
dx
)
+ εε˜ey = 0 (5.14)
where in the first region ε = 1,
y = nϕ, (5.15)
x =
√
n τ, (5.16)
and in the second region ε = −1,
y = (n+ 2)ϕ, (5.17)
x =
√
n+ 2 τ, (5.18)
We can transform (5.14) into
x
d2y
dx2
+ 2
dy
dx
+ εε˜xey = 0 (5.19)
which is the celebrated Emden–Fowler equation known in the theory of gaseous spheres (see [55]).
Let us notice that the first region (small fields) means large distances and the second region (large
fields) means small distances.
In this way we should consider Eq. (5.19) in the region of small and large x. In the case of
εε˜ = 1 the equation (5.14) has an exact solution
y = ln
(
2
x2
)
. (5.20)
Let us apply this to both regions (remembering that ε˜ in both cases has a different sign).
One gets in the first region
q0 = −
2
√
2π|M |
mpln
ln
(
r
2
√
2/
√
nλc0
)
(5.21)
and
Geff = GN
(
r
2
√
2/
√
nλc0
)(n+2)/n
. (5.22)
In the second region
q0 = −
2
√
2π|M |
mpl(n+ 2)
ln
(
r
2
√
2/
√
(n+ 2)λc0
)
(5.23)
and
Geff = GN
(
r
2
√
2/
√
(n+ 2)λc0
)
. (5.24)
In this way we get an interesting prediction for the behaviour of the strength of gravitational
interactions. In this very special solution Geff is going to zero if r → 0 and to infinity if r →∞.
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Let us come to Eq. (5.19) supposing εε˜ = 1. Thus we get
x
d2y
dx2
+ 2
dy
dx
+ xey = 0. (5.25)
Using an exact solution (5.20) we write
y = y1 + y˜ (5.26)
and consider Eq. (5.25) for large x.
In this way we get an approximate solution (given by Chandrasekhar [56])
y = ln
(
2
η2
)
+
A√
η
cos
(√
7
2
ln η
)
− 2 ln δ, |A| ≪ 1, (5.27)
where η = x
δ
, A and δ are integration constants, δ > 0. In this way we get in the first region
Geff = Geff · exp
(
− A√
η
cos
(√
7
2
ln η
))
(5.28)
where A is a constant (|A| ≪ 1) and
η =
√
nλc0 δ
2
√
2
r, (5.29)
Geff is given by the formula (5.22).
In the second region
Geff = Geff · exp
(
− A√
η
cos
(√
7
2
ln η
))
(5.30)
where A is a constant (|A| ≪ 1), Geff is given by the formula (5.24) and
η =
√
(n+ 2)λc0 δ
2
√
2
r. (5.31)
In this way we have very interesting non-Newtonian behaviour of Geff for large distances. Let us
notice that the length scale is completely arbitrary, because it is given by an integration constant δ.
Let us consider Eq. (5.2) in Cartesian coordinates supposing flat symmetry for a quintessence
field q0 = q0(z, t) (nonstatic). One gets(
∂2q0
∂t2
− ∂
2q0
∂z2
)
− ε˜α exp(nβq0)
(
exp(2βq0)− 1
)
= 0. (5.32)
Let us change dependent and independent variables to ξ, η, ϕ:
z =
2√
λc0
ξ (5.33)
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t =
2√
λc0
η (5.34)
ϕ = βq0. (5.35)
One gets (
∂2ϕ
∂η2
− ∂
2ϕ
∂ξ2
)
− ε˜enϕ(e2ϕ − 1) = 0. (5.36)
Eq. (5.36) is an equation for flat scalar (quintessence) waves in our theory. Let us consider it for
large and small field ϕ (as before).
In this way one gets the equation(
∂2y
∂T 2
− ∂
2y
∂x2
)
+ εε˜ey = 0, (5.37)
where in the region of small field ϕ we have ε = 1 and
y = nϕ (5.38)
x =
√
n ξ (5.39)
T =
√
n η (5.40)
and in the region of large field ϕ, ε = −1 and
y = (n+ 2)ϕ (5.41)
x =
√
n+ 2 ξ (5.42)
T =
√
n+ 2 η. (5.43)
Eq. (5.37) is the famous Liouville equation which can be transformed via a Bäcklund transfor-
mation into a two-dimensional wave equation and afterwards solved exactly. The general solution
depends on two arbitrary functions f and g of one variable, sufficiently regular. It is possible
to consider several problems for this equation: Cauchy initial problem, Darboux problem and
Goursat problem.
The general solution of (5.37) looks like (εε˜ = −1)
y(T, x) = ln
[
2g′(x− T )f ′(x+ T )(
g(x− T ) + f(x+ T ))2
]
(5.44)
where g′ and f ′ are derivatives of g and f .
Thus one gets in the first region (small field)
q0(t, z) =
2
√
2πM
mpln
· ln
[
2g′
(
z−t
a
)
f ′
(
z+t
a
)(
g
( z−t
a
)
+ f
(z+t
a
))2
]
, (5.45)
a =
2
√
2√
nλc0
, (5.46)
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and
Geff = GN
((
g
( z−t
a
)
+ f
(z+t
a
))2
2g′
(
z−t
a
)
f ′
(
z+t
a
) )(n+2)/n. (5.47)
In the second region (large field)
q0(t, z) =
2
√
2πM
mpl(n+ 2)
· ln
[
2g′
( z−t
b
)
f ′
( z+t
b
)(
g
( z−t
b
)
+ f
( z+t
b
))2
]
, (5.48)
b =
2
√
2√
(n+ 2)λc0
, (5.49)
and
Geff = GN ·
(
g
(
z−t
b
)
+ f
(
z+t
b
))2
2g′
( z−t
b
)
f ′
( z+t
b
) . (5.50)
In this way we get a spatio-temporal pattern of changing the effective gravitational constant
for small and large field regions. In both cases we have εε˜ = −1. However, in the small field region
we have ε = 1 and because of this ε˜ = −1. In the case of large field region ε = −1 and ε˜ = 1.
In order to be in line with our assumptions we should consider in the first case such functions f
and g that the expression in (5.48) is small and for the second case vice versa.
Let us consider Eq. (5.2) in cylindrical coordinates supposing cylindrical symmetry for the
field q0, q0 = q0(ρ). One gets
1
ρ
(
ρ
dq0
dρ
)
− εα exp(nβq0)
(
exp(2βq0)− 1
)
= 0. (5.51)
This equation can be transformed into
1
τ
d
dτ
(
τ
dϕ
dτ
)
− ε˜ exp(nϕ)(e2ϕ − 1) = 0, (5.52)
ρ =
2√
λc0
τ. (5.53)
As usual we consider Eq. (5.52) in two regions for small and large fields.
In the first region
1
τ
d
dτ
(
τ
dϕ
dτ
)
+ ε˜enϕ = 0. (5.54)
In the second region we get
1
τ
d
dτ
(
τ
dϕ
dτ
)
− ε˜e(n+2)ϕ = 0. (5.55)
Both equations can be reduced to the equation
1
x
d
dx
(
x
dy
dx
)
+ εε˜ey = 0, (5.56)
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where in the first region ε = 1 and
y = nϕ (5.57)
x =
√
n τ (5.58)
and in the second region ε = −1 and
y = (n+ 2)ϕ (5.59)
x =
√
n+ 2 τ. (5.60)
We can transform (5.56) into
x
d2y
dx2
+
dy
dx
+ εε˜xey = 0 (5.61)
which is the equation considered in [57] for εε˜ = 1.
Following H. Lemke we write down a solution to Eq. (5.61) in a compact form in three cases
(concerning an integration constant introduced by H. Lemke). We adopt his solutions to our
problem.
1) C = κ2 > 0, κ—arbitrary positive number:
y(x) = −2 ln
(
x
a
((
a
x
)κ
+
(
x
a
)κ))
+ ln(4κ2a2) (5.62)
where a > 0 is an arbitrary constant.
2) C = −ω2 < 0, ω is an arbitrary positive number:
y(x) = −2 ln(2x sin(ω lnx+ δ)) + ln(4ω2) (5.63)
where δ is an arbitrary constant.
3) C = 0:
y(x) = −2 ln
(
x
a
ln
(
x
a
))
− 2 ln a (5.64)
where a > 0 is an arbitrary constant.
Using these solutions we write down a spatial dependence of Geff in the case of small and large
fields. In the case of small fields one gets
1) Geff = GN (4κ
2a2)(n+2)/n
(1 + r2κ)2(n+2)/n
r2(κ−1)(n+2)/n
(5.65)
where
r =
1
2a
√
nλc0 ρ. (5.66)
2) Geff =
GN (δ)
2(n+2)/n
(ω2)(n+2)/n
r2(n+2)/n
(
sin(ω ln r)
)2(n+2)/n
(5.67)
where
r =
1
2δ
√
nλc0 ρ (5.68)
69
ω ln δ = −δ (5.69)
3) Geff = GNa
2(n+2)/nr2(n+2)/n(ln r)2(n+2)/n (5.70)
and r is given by Eq. (5.66).
In the case of large field one gets:
1) Geff = GN (4κ
2a2)
(1 + r2κ)2
r2(κ−1)
(5.71)
where
r =
1
2a
√
(n + 2)λc0 ρ. (5.72)
2) Geff = GN
(
δ
ω
)2
r2
(
sin(ω ln r)
)2
(5.73)
where
r =
1
2δ
√
(n+ 2)λc0 ρ, ln δ = − δ
ω
. (5.74)
3) Geff = GNa
2r2(ln r)2 (5.75)
and r is given by Eq. (5.72).
Let us notice that in that spatial dependence for large and small field we have κ and a (δ, ω)
as integration constants. In this way integration constants induce a power law of this dependence
and also a scale. For sufficiently big n (n > 14) there is no significant difference between both
cases. It means the quintessence field behaves everywhere as for large field case (in these solutions
of course). It is evident that the spatial dependence (in cylindrical symmetry case) of Geff goes
to some kind of the fifth force. However, we have to do not with a universal law of Nature but
rather with some kind of initial conditions.
Let us consider three our cases (5.62), (5.63) and (5.64) for small and large fields cases.
The small field case is such that
eϕ < 1, i.e. ϕ < 0. (5.76)
The large field case is if
eϕ > 1, i.e. ϕ > 0. (5.77)
For (5.62) we have for the small case
f(r) > 1,
where
f(r) = r1−κ + rκ+1, r =
(
x
a
)
. (5.78)
Let us consider two cases
0 < κ < 1 and κ > 1.
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In the first case f(r)ր in [0,+∞) and we have simply r > r0 where r0 satisfies the equation
r2κ+10 + r0 − 1 = 0. (5.79)
In the second case κ > 1,
lim
r→0
f(r) = +∞ and lim
r→∞ f(r) = +∞.
The function f(r) has a minimum at
r1 =
(
κ− 1
κ+ 1
)1/κ
. (5.80)
Let us calculate f(r1).
f(r1) =
(
κ+ 1
κ− 1
)κ−1/κ
+
(
κ− 1
κ+ 1
)κ+1/κ
. (5.81)
It is easy to see that if κ > 1, then κ− 1/κ > 0. This means that
f(r1) > 1 (5.82)
and therefore f(r) > 1 for all r > 0. Thus simultaneously we get a solution for large field only if
κ < 1, i.e.
r < r0. (5.83)
If κ = 1, we always have f(r) ≥ 1 (i.e. only a small field).
Let us consider (5.63). In this case the small field condition reads
h(r) = r sin(ω ln r) > 1, where r =
x
δ
. (5.84)
First of all we need h(r) > 0. Let us observe that |h(r)| ≤ r for every r > 0. Next we see that
the roots of h(r) are the numbers
r0,k = e
kπ/ω, k = 0,±1,±2, . . . (5.85)
and
h(r) > 0 if r0,2k < r < r0,2k+1, k = 0,±1,±2, . . . (5.86)
The maximum of the function h(r) in the interval (r0,2k, r0,2k+1) is greater than
h(r0,2k+1/2) = e
2kπ/ω · eπ/(2ω), (5.87)
but smaller than r0,2k+1. Thus the maxima are smaller than 1 for negative k and greater than 1
if k = 0, 1, 2, . . .. It means that in each interval (r0,2k, r0,2k+1), k = 0, 1, 2, . . ., there exist two
numbers r3,2k and r2,2k such that r3,2k < r2,2k,
h(r3,2k) = h(r2,2k) = 1 (5.88)
and
h(r) > 1 if r3,2k < r < r2,2k . (5.89)
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The condition for large fields, 0 < h(r) < 1, is satisfied if
r0,2k < r < r0,2k+1, k = −1,−2, . . . (5.90)
or
r0,2k < r < r3,2k, or r2,2k < r < r0,2k+1, k = 0, 1, 2, . . . (5.91)
In the third case, i.e. Eq. (5.64), one has for the small field case
r ln r > 1 (5.92)
where r = xa . Let r4 ln r4 = 1, r4 > 1. We have r > r4 = 1.7632 . . .. In the large field case
0 < r < r4 = 1.7632 . . . . (5.93)
Thus we have in general large fields on large distances.
In this way we have solutions for large and small distances. One can try to connect them
to get a solution for all distances. However in this case it is necessary to be very careful, for
our solutions depend on some integration constants which can be different for both asymptotic
regions.
Let us consider Eq. (5.2) in two special cases:
I q0 = q0(z) — static and depending only on z;
II q0 = q0(t) — non-static and spatially constant.
Let us consider also these cases for small and large fields ϕ. In all of these cases we come to
the following equation
d2y
dx2
+ ε1εε˜e
y = 0 (5.94)
where ε1 = 1 for case I and ε1 = −1 for case II.
Eq. (5.94) can easily be reduced to the integral
x− x0 = ε3√
2
∫
dy√
ε2ω2 − ηey
(5.95)
where η = ε1εε˜, η
2 = 1, C = 2ε2ω
2, ω ≥ 0, ε22 = 1 is an integration constant, ε23 = 1 and x0 also
is an integration constant.
After some calculation we get the following solutions:
A. y(x) = 2
[
lnω − ln
∣∣∣∣∣sinh
(√
2 (x− x0)ω
2
)∣∣∣∣∣
]
, η = −1, ε2 = 1 (5.96)
B. y(x) = 2
[
lnω − ln
∣∣∣∣∣sinh
(√
2 (x− x0)ω
2
)∣∣∣∣∣
]
, η = 1, ε2 = 1 (5.97)
where √
2 (x− x0)ω
2
> ln(1 +
√
2) (5.98)
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or √
2 (x− x0)ω
2
< ln(
√
2− 1). (5.99)
C. y(x) = 2
[
lnω − ln
∣∣∣∣∣cos
(√
2 (x− x0)ω
2
)∣∣∣∣∣
]
, η = −1, ε2 = −1. (5.100)
Let us apply these solutions to our problems. First of all let us consider a static configuration
with z dependence only. In this case ε1 = 1 and η = εε˜. For the small field case one gets, ε = 1,
η = ε˜,
Geff =
GN
ω2(n+2)/n
|sinh p|(n+2)/n (5.101)
where
p =
ω(z − z0)
4
√
nλc0 . (5.102)
For the large field case we get, ε = −1, η = −ε˜,
Geff =
GN
ω2
|cos p| (5.103)
where
p =
ω(z − z0)
4
√
(n+ 2)λc0 . (5.104)
In this case ε˜ = 1 for η = −1.
In a nonstatic configuration ε1 = −1 and η = −εε˜. For the small field case (ε = 1), η = −ε˜,
Geff =
GN
ω2(n+2)/n
|sinh q|(n+2)/n (5.105)
where
q =
ε3ω(t− t0)
4
√
nλc0 (5.106)
and analogically for the large field case (ε = −1), η = ε˜,
Geff =
GN
ω2
|cos q| , (5.107)
q =
ω(t− t0)
4
√
(n+ 2)λc0 . (5.108)
In this case ε˜ = −1 for η = −1.
Let us notice that in a static configuration for small field we have two possibilities for η = −1
(no condition on p) and η = 1 (conditions (5.98)–(5.99)). Thus without conditions we have ε˜ = −1
and with conditions ε˜ = 1. In a non-static configuration for small field we have vice versa ε˜ = 1
without conditions and ε˜ = −1 with conditions (5.98)–(5.99).
Let us come back to the Eq. (5.32) and consider it in a travelling wave scheme. In this way
we have
q0(z, t) = q˜(z − vt) (5.109)
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where v is a velocity of the travelling wave (a soliton), |v| < 1. Let us consider this equation in
both regimes (for small and large fields). In this way we come to the expression
(1− v2) d
2χ
dξ2
− εε˜eχ = 0 (5.110)
where χ is a shape function of a soliton. Changing an independent variable from ξ to λ one gets
d2χ
dλ2
− ε1εε˜eχ = 0 (5.111)
where ε1 = −1, i.e. we get Eq. (5.94) with η = −εε˜,
λ =
ξ√
1− v2 , ξ =
√
1− v2 λ. (5.112)
In this way we adopt our solutions A, B, C in both regimes: small and large field (changing
χ into λ). For small field we get (ε = 1, η = −ε˜)
q0(z, t) =
2
βn
[
lnω − ln |sinh p|] (5.113)
where
p =
ω
√
nλc0
4
√
1− v2 (z − vt). (5.114)
For large field we get (ε = −1, η = ε˜)
q0(z, t) =
2
β(n+ 2)
[
lnω − ln |cos p|] (5.115)
where
p =
ω
√
(n+ 2)λc0
4
√
1− v2 (z − vt). (5.116)
For (5.113) we have η = −ε˜ and because of this ε˜ = 1 without any conditions and if ε˜ = −1 we
have conditions (5.98)–(5.99). In the case of the formula (5.114) η = −1 and ε˜ = −1.
We can write down formulas for Geff in the soliton case
Geff =
GN
ω2(n+2)/n
|sinh p|(n+2)/n (5.117)
and p is given by the formula (5.114) (with or without conditions (5.98)–(5.99)). This is of course
a small field case.
In the large field case
Geff =
GN
ω2
|cos p| , (5.118)
and p is given by the formula (5.116). In this case ε˜ = −1. (Let us notice that this is a case of
SO(3) group in our theory.)
Let us notice that conditions (5.98)–(5.99) can be considered as conditions for small field in z
or t domains. Let us notice that in our solutions concerning a behaviour of an effective gravitation
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constant we get completely arbitrary length or time scale (given by integration constants). In this
way a spatial or time dependence of Geff can be (except the solution (5.20) and simultaneously
the approximate solution in the case of spherical symmetry) such that Geff can be really constant
on distances (or times) accessible in experiments.
In order to connect our results to the ordinary gravitation physics we consider again Eq. (5.7)
in small field regime for initial conditions ϕ(0) = 0 and dϕdx (0) = 0. The first condition means
that we want to have Geff(0) = GN and the second that the quintessence field does not grow
quickly. The problem cannot be solved analytically. Moreover R. Emden in Ref. [55] did it for us
numerically. We quote here his results adopted to our notation, ε = +1 and ε˜ = −1 (see Table 1).
x −y ey Geff/GN
0.00 0.00000 1.00000 1.00000
0.25 0.01037 0.98969 0.98823
0.50 0.04113 0.95971 0.95409
0.75 0.09113 0.91290 0.90109
1.00 0.15903 0.85296 0.83380
1.25 0.24225 0.78486 0.75816
1.50 0.33847 0.71285 0.67920
1.75 0.44488 0.64090 0.60143
2.00 0.55967 0.57140 0.52749
2.50 0.80584 0.44671 0.39813
3.00 1.06226 0.34537 0.29670
3.50 1.31937 0.26730 0.22138
4.00 1.57071 0.20790 0.16611
4.50 1.81246 0.16325 0.12601
5.00 2.04264 0.12968 0.09686
6.00 2.46598 0.08493 0.05971
7.00 2.84160 0.05833 0.03887
8.00 3.17489 0.04180 0.02656
9.00 3.47128 0.03108 0.01893
10.00 3.73646 0.02384 0.01398
100 8.59506 0.000175 5.0854 · 10−5
1000 13.09847 0.000002 3.0683 · 10−7
Table 1. Geff (explanations in a text below)
where
x =
1
2
√
nλc0 r ∼=
(
r
10Mpc
)
, (5.119)
Geff
GN
= (ey)(n+2)/n = (ey)8/7. (5.120)
We take n = 14 (this is equal to dimG2, G2 = H group for GSW model).
It is easy to see that for large n
Geff
GN
= ey. (5.121)
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It is easy to see that on a distance of 1Mpc Geff does not differ from GN . Even on a distance
of 10Mpc it is about 10% smaller. Thus in the Solar System Newtonian gravitation physics does
not change. Even on the level of a galaxy this change is minimal and cannot be observed. More-
over, there is an important conclusion: on distances about 200Mpc the strength of gravitation
interactions is about 10−5 times this on short distances measured in the Solar System (and for
103Mpc of 10−7). It is hard to tell how it influences a mass of a cluster of galaxies if we realize
that from any observational data only a product GM has been obtained (not M).
From the other side on distances of 100Mpc the strength of gravitation interactions is very
weak (not only because of the distance). Thus if we consider clusters of galaxies as substrat
particles in cosmology then they do not interact.
Let us consider Eq. (5.2) in Cartesian coordinates for two-dimensional static case (i.e. ∂∂z = 0,
∂
∂t = 0). One gets (
∂2q0
∂x2
+
∂2q0
∂y2
)
− ε˜α exp(nβq0)
(
exp(2βq0)− 1
)
= 0 (5.122)
(where α, β are given by formulas (5.4) and (5.5)).
As usual, we come to the formula(
∂2ϕ
∂x21
+
∂2ϕ
∂x22
)
− ε˜enϕ(e2ϕ − 1) = 0 (5.123)
where
x
y
}
=
2√
λc0
xi, i = 1, 2. (5.124)
We consider Eq. (5.123) for small and large fields and we get(
∂2χ
∂z21
+
∂2χ
∂z22
)
− εε˜eχ = 0 (5.125)
where as usual for a small field ε = 1 and
χ = nϕ, (5.126)
zi =
√
nxi (5.127)
and for a large field ε = −1 and
χ = (n + 2)ϕ, (5.128)
zi =
√
n+ 2xi . (5.129)
Thus we come to the equation known as Liouville equation
∆χ = eχ (5.130)
if εε˜ = 1.
This equation can be explicitly solved. First of all we change independent variables into
Z =
1√
2
(z1 + iz2) (5.131)
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χ(Z) = − ln
(
1
2(1− |g|2)
)
+ 12 ln
∣∣∣∣ dgdZ
∣∣∣∣ (5.132)
where g is an arbitrary analytic function on a complex plane Z.
In this way we get for the small field case
Geff = GN
(
1− |g(Z)|2
2
)(n+2)/n(∣∣∣∣ dgdZ (Z)
∣∣∣∣)−(n+2)/(2n) (5.133)
where
Z =
√
λc0
2n
· (x+ iy). (5.134)
In the large field case
Geff = GN
(
1− |g(Z)|2
2
)(∣∣∣∣ dgdZ (Z)
∣∣∣∣)−1/2 (5.135)
where
Z =
√
λc0
2(n+ 2)
· (x+ iy). (5.136)
Eqs (5.133) and (5.135) can have very interesting behaviour for dgdZ could have some singularities.
The physical interpretation of these singularities can be very interesting.
All solutions for Geff given here, depending on space or time coordinates can be a source of
non-Newtonian gravitational physics, e.g. a theory with a gravitational potential
V = −Geff · M
r
.
In this way we can fit anomalous acceleration of Pioneer 10/11 spacecrafts (see Refs [7, 8]).
Thus in our approach there is something similar to MOND (see Ref. [58] or [59]). MOND =
MOdified Newtonian Dynamics introduced by M. Milgrom (see Ref. [60]) in order to explain
flat curve of galactic rotation. In Ref. [58] we have to do with bimetric gravitational theory.
The difference between two Levi-Civita connections interacts quadratically with a strength a0
(a universal constant). In Ref. [59] we have to do with a tensor-vector-scalar theory.
Let us consider a problem of a flat velocity curve with a cold Dark Matter. In the Nonsym-
metric Kaluza–Klein (Jordan–Thiry) Theory we have a lot of such Dark Matter. Let us consider
Dark Matter and ordinary barionic matter as collisionless dust particle. It means, pressureless
dust. What is a density distribution of such a matter? One considers (see Refs [61, 62]) the
so-called NFW (Navarro–Frank–White) profile
ρ(r) =
ρ0
r
Rs
(1 + rRs )
2
(5.137)
where ρ0 and Rs are parameters. One considers also a density distribution
ρ(r) = ρ0
(
1 +
(
r
rc
)2)−1
,
77
rc—a core radius, r is a distance from galaxy centre. A mass inside a sphere of the radius r for
(5.137) is
MDM(r) =
∫ r
0
4π(r′)2ρ(r′) dr′ = 4πρ0R3s
[
ln
(
Rs + r
Rs
)
− r
Rs + r
]
. (5.138)
A gravitational potential of such a density distribution is (from the Poisson equation)
VDM(r) = −4πGNρ0R
3
s
r
ln
(
1 +
r
Rs
)
,
lim
r→∞VDM = 0, limr→0VDM(r) = −4πGNρ0R
3
s.
(5.139)
The orbital velocity in VDM(r) is
v(r) =
(
r
dVDM
dr
)1/2
and is going to a flat velocity curve.
Let us suppose that ordinary (barionic) matter has the same distribution but with different
parameters.
One gets
ρb(r) =
ρ0b
r
Rsb
(1 + rRsb )
2
(5.140)
Vb(r) = −4πGNρ0bR
3
s0
r
ln
(
1 +
r
Rsb
)
(5.141)
If we want to model an existence of a cold Dark Matter by an exotic physics, i.e. in our case with
fifth force (Geff ) we should have
V˜b(r) = −4πGeffρ0bR
3
s0
r
ln
(
1 +
r
Rsb
)
. (5.142)
Eventually one gets from
V˜b(r) = VDM(r) (5.143)
the equality
Geff
GN
=
(
ρ0
ρ0b
)(
Rs
Rsb
)3 ln(1 + rRs )
ln(1 + rRsb )
. (5.144)
In terms of the field ϕ we have
ϕ(r) = − 1
(n+ 2)
[
ln
(
ρ0
ρ0b
)
+ 3 ln
(
Rs
Rsb
)
+ ln
( ln(1 + rRs )
ln(1 + rRsb )
)]
. (5.145)
It means, a field ϕ(r) should be a solution of a field equation (5.8) in order to mimic a Dark
Matter existence. We do not expect an exact solution. It is enough to get a numerical solution of
Eqs (5.1), (5.3), (5.8), approximating the function (5.145). The NFW profile is consistent with
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Milky Way and M31 galaxies data. Moreover, we can also use a different profile, the so-called
Einasto profile (see Refs [63, 64]), where
ρ(r) ∼ exp(−Arα). (5.146)
A and α are parameters. In our considerations we suppose that
ρb(r) = ρluminousmatter(barionic) + ρdust(barionic). (5.147)
We can also add a part of a Dark Matter to ρb(r), i.e.
ρb′(r) = (1− β)ρb(r) + βρDM(r), (5.148)
where 0 < β < 1, and treat the remaining part of DM as an exotic physics matter (using both
NFW and Einasto profiles). This will be done in future papers.
Let us mimic MOND by Geff . One gets
MGN
r2
= aµ
(
a
a0
)
(5.149)
where a is an acceleration and a0 is a fundamental constant from MOND theory
a0 ≃ 2 · 10−10m
s2
,
µ is a function such that
µ(x≫ 1) = 1
µ(x≪ 1) = x. (5.150)
One can use the following function:
µ(x) = x(1 + x2)−1/2
µ−1(y) = y(1− y2)−1/2.
(5.151)
Let
MGeff
r2
= a
be equivalent to (5.149).
One easily gets
a = a0
e(n+2)ϕ
(1− e2(n+2)ϕ)1/2 . (5.152)
In this way a scalar field ϕ = ϕ(r) rescales an acceleration to a Newtonian value from a constant a0
and gives us all achievements of MOND theory (nonrelativistic) connected to the galactic rotation
velocity curve (galaxy rotation curve) (see Refs [60, 65]).
One gets from a = v
2(r)
r :
v(r) = e(n+2)ϕ/2 ·
√
a0r
4
√
1− e2(n+2)ϕ
. (5.153)
This is our galactic rotation velocity curve in terms of the field ϕ.
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Let us do some manipulations using Eq. (5.153). One gets
ϕ(r) =
1
(n+ 2)
ln
(
v2(r)/r√
a20 + (v
2(r)/r)2
)
(5.154)
If a rotation velocity curve is flat, i.e. v(r) = const. = v0 one gets
ϕ(r) =
1
(n+ 2)
ln
(
v20/r√
a20 + (v
2
0/r)
2
)
. (5.155)
Moreover, we have the following relation from Newtonian dynamics
v2(r) = r
dV
dr
and we get
ϕ(r) =
1
(n+ 2)
ln
(
dV/dr√
a20 + (dV/dr)
2
)
. (5.156)
Eq. (5.156) can be used to get dVdr :
dV
dr
=
a20e
(n+2)ϕ√
1− e2(n+2)ϕ
. (5.157)
The above equations give us a taste of various possibilities among mentioned approaches.
Thus we get a very interesting situation. In one theory it is possible to explain the same
problem with quite different means (a Dark Matter or the fifth force, or both). Simultaneously
we have also different theories describing MOND as non-Newtonian limits (see Refs [58, 59]).
It is also worth to mention a work of J. W. Moffat and E. Rahvar (see Ref. [66] which avoids
a Dark Matter problem introducing an alternative theory of gravity MOG (MOdified Gravity).
From the point of view of Philosophy of Science (Philosophy of Physics) this is very interesting.
6 Geodetic equations. A test particle movements
Let us consider geodetic equations on a manifold P with respect to a Levi-Civita part of a
connection ωA˜B˜, i.e. ω˜
A˜
B˜. One gets from
uA˜∇˜A˜uB˜ = 0 (6.1)
(such equations have usual interpretation as a test particle equations of motion. In our theory we
consider such an equation for a ω˜A˜B˜ connection. The equation (6.1) is defined for a curve Γ ⊂ P .
∇˜uu = 0, where u is tangent to Γ .)
D˜uα
dτ
+
(
qc
m0
)
hcdg˜
(αδ)Hdβδu
β +
(
qc
m0
)
hcdg
(αδ)
gauge
∇δ Φdb˜ub˜ −
‖q‖2
8m20
g˜(αδ)
(
1
ρ2
)
,δ
= 0 (6.2)
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D˜ua˜
dτ
+
1
r2
(
qc
m0
)
hcdh
0a˜d˜ ·
gauge
D Φdd˜
dτ
+
1
r2
(
qc
m0
)
hcdh
0a˜d˜(cdabΦad˜Φbb˜ − µdıˆ · f ıˆdb˜ − Φde˜f e˜d˜b˜)ub˜ = 0
(6.3)
where
gauge
D
dτ
Φdd˜ =
gauge
∇β Φdd˜uβ (6.4)
d
dτ
(
qb
m0
)
= 0 (6.5)
( q
b
m0
is an integral of motion).
D˜ means a covariant derivative along a line with respect to the connection ω˜αβ on E,
̂˜
D means
a covariant derivative along a line with respect to the connection ̂˜ωa˜b˜ (a Levi-Civita connection
on M = G/G0 with respect to a metric h
0a˜b˜), r = const,
uA˜ = (uα, ua˜, ua) = (hor(u), ver(u)) (6.6)
and
2ρ2ua =
qa
m0
,
qa is a gauge (color) charge of a test particle, m0 its mass.
Equation (6.1) has the following first integral of motion, ‖q‖2 = −habqaqb,
g(αβ)u
αuβ + r2h0a˜b˜u
a˜ub˜ + ρ2habu
aub = const. (6.7)
It is easy to see that a scalar field ρ or Ψ has an influence on a test particle motion. Some
possible applications of those equations in the case ρ = 1 can be found in Refs [5, 10]. More
details concerning geodetic equations on P and also geodetic equation deviations can be found in
Ref. [55]. ub˜ is a charge coupled to Higgs’ field. For an application in GSW model see [10] and
[55].
Let us project the equations (6.2)–(6.5) on V = E × G/G0, i.e. let us take a section e,
e : V → P . One gets
D˜uα
dτ
+
(
Qc
m0
)
uβ g˜(αδ)F dβδhcd +
(
Qc
m0
)
ubhcdg˜
(αδ)e′
(gauge∇δ Φdb˜)− ‖Q‖28m0 g˜(αδ)
(
1
ρ2
)
,δ
= 0 (6.8)
̂˜
Dua˜
dτ
+
1
r2
(
Qc
m0
)
uβhcdh
0a˜d˜e′
(gauge∇β Φdd˜)+ 1r2
(
Qc
m0
)
ub˜hcdh
0a˜d˜e′(Hdd˜b˜) = 0 (6.9)
e∗ω = AaµθµXa + Φab˜θ
b˜Xa (6.10)
dQa
dτ
−CacbQcAbNuN = 0 (6.11)
or
dQa
dτ
− CacbQcAbνuν − CacbQcΦba˜ua˜ = 0 (6.12)
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where
e′(qcXc) = QcXc. (6.13)
We have
e′
(gauge
D Φdd˜
dτ
)
= e′
(gauge∇β Φdd˜)uβ
Hda˜b˜ =
(
CdabΦ
a
a˜Φ
b
b˜ − µdıˆ f ıˆd˜b˜ − Φde˜f ea˜b˜
)
ub˜
F dβδθ
µ ∧ θνXd = e∗(Hdβδθβ ∧ θδXa)
‖Q‖2 = −habQaQb.
Equations (6.2)–(6.5) or (6.8)–(6.9) and (6.11) or (6.12) are Kerner–Wong–Kopczyński equations
extended to Jordan–Thiry Theory (see Refs [1, 5, 10] for details and further references), i.e. an
existence of scalar forces. In our applications
ρ = e−Ψ = e−(Ψ0+ϕ)
and an additional term in (6.3) or (6.8) has the form
− ‖q‖
4m20
e2(Ψ0+ϕ)g˜(αδ)ϕ,δ. (6.14)
Let us notice that
‖q‖ = ‖Q‖. (6.15)
Moreover, in the stationary case (for Ψ) ϕ = 0 and the term disappears.
Let us consider Eqs (6.2)–(6.3) and Eq. (6.5) or Eqs (6.8)–(6.9) and Eq. (6.12). Let us suppose
that h0a˜b˜u
a˜ub˜ = 1. In this way we write
ua˜ =
dxa˜
dτ
. (6.16)
Let us consider an integral of motion (6.7), i.e.
g(αβ)u
αuβ +
‖q‖2
4ρ2m20
= const− r2 = const′ (6.17)
and let us rewrite it in the following form
m0g(αβ)u
αuβ +
‖q‖2
4ρ2m0
= const′′. (6.18)
Usually
Ep = m0g(αβ)u
αuβ
is considered as an energy of a test particle. Thus
Ep +
‖q‖2
4ρ2m0
= const′′ (6.19)
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is a bilans energy of test particle and an external field ρ (or Ψ).
In a differential form we can write (6.19) in the following way:
dEp
dτ
= −‖q‖
2
4m0
d
dτ
(
1
ρ2
)
(6.20)
d
dτ
(
1
ρ2
)
=
(
1
ρ2
)
,β
uβ. (6.21)
Consequently we get after projecting on E ×G/G0:
Ep +
‖Q‖2
4ρ2m0
= const′′ (6.19′)
dEp
dτ
= −‖Q‖
2
4m0
d
dτ
(
1
ρ2
)
(6.20′)
In this way we can write
d2xα
dτ2
+
{
α
β γ
}
dxβ
dτ
dxγ
dτ
+
(
Qc
m0
)
hcdg˜
(αδ)F dβδ
dxβ
dτ
+
(
Qc
m0
)
hcdg˜
(αδ)e′
(gauge∇δ Φdb˜)dxβdτ − ‖Q‖
2
8m20
g˜(αδ)
(
1
ρ2
)
,δ
= 0
(6.22)
d2xa˜
dτ2
+
{
a˜
b˜ c˜
}
dxb˜
dτ
· dx
c˜
dτ
+
1
r2
(
Qc
m0
)
hcdh
0a˜d˜ · e′(gauge∇β Φdd˜) · dxβdτ + 1r2
(
Qc
m0
)
hcdh
0a˜d˜e′(Hdd˜b˜) = 0
(6.23)
where
{ α
β γ
}
are Christoffel symbols constructed from g(αβ) on E and
{ a˜
b˜ c˜
}
are Christoffel symbols
constructed from h0a˜b˜ on M = G/G0.
In this way we have a curve Γ ′ ⊂ V = E × G/G0, (xα(τ), xa˜(τ)). Simultaneously we write
Eq. (6.12)
dQα
dτ
− CacbQcAbν dx
ν
dτ
− CacbQce∗(Φba˜)dx
a˜
dτ
. (6.24)
This equation describes a precession of a charge Q0. A charge qb is a constant during a motion
( q
b
m0
,m0 = const) and a norm of q, ‖q‖ is also a constant of motion. Qb is not a constant, moreover
‖Q‖ is constant. After projecting a curve Γ ′ on E we get a trajectory of a test particle motion
Γ ′′ ⊂ E, xα(τ).
Let us come back to the equation (6.20′). This equation describes changing of an energy Ep
during a motion due to field ρ. It is a friction or an amplification. Moreover
Geff = GNρ
(n+2) = GNe
−(n+2)Ψ . (6.25)
In this way we can connect this with a measured change of a gravitational constant. According
to recent measurement we have (see Ref. [67]):
−4.2 · 10−14 < G˙
G
< 7.5 · 10−14 1
yr
(6.26)
(statistically non-zero).
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7 Conclusions and prospects for further research
The nonsymmetric Kaluza–Klein (Jordan–Thiry) Theory has been developed within GUT (Grand
Unified Theories). It unifies the gauge invariance principle with the coordinate invariance principle
but in more than four-dimensional space-time.
A general nonabelian Yang–Mills fields have been unified with gravity in (n+ 4)-dimensional
space-time (n—a dimension of gauge group). The theory uses a nonsymmetric metric defined on a
metrized (in a nonsymmetric way) principal fibre bundle over a space-time with a structural group
U(1) in an electromagnetic case and in general case nonabelian semi-simple compact group G. The
connection on space-time and on a metrized principal fibre bundle is compatible with this metric.
This connection is similar to a connection from Einstein’s Unified Field Theory, however we use its
higher dimensional analogue (see also [68], [69])—the so-called Einstein–Kaufman Theory. This
connection is right-invariant with respect to an action of the group G (a gauge group).
The theory has been developed to include a scalar field leading to an effective gravitational
constant and space-time dependent cosmological terms. It is possible to extend the theory to
include Higgs’ fields and spontaneous symmetry breaking of a gauge group to get massive vector
boson fields.
The theory is fully relativistic and unifies electromagnetic field, gauge fields, Higgs’ field
and scalar forces with NGT (Nonsymmetric Gravitation Theory) in a nontrivial way. By ‘in a
nontrivial way’ we mean that we get from the theory something more than NGT, ordinary Kaluza–
Klein (Jordan–Thiry) Theory, classical electrodynamics, Yang–Mills’ field theory with Higgs’
field and spontaneous symmetry breaking. These new features are some kind of “interference
effects” between all of them. This theory unifies two important approaches in higher-dimensional
philosophy: Kaluza–Klein principle and a dimensional reduction principle.
Due to a concept of a hierarchy of a symmetry breaking we can include GUT models in the
Nonsymmetric Kaluza–Klein (Jordan–Thiry) Theory. We consider several possibilities.
The beautiful theories such as Kaluza–Klein theory (a Kaluza miracle) and its descendents
should pass the following test if they are treated as real unified theories. They should incorporate
chiral fermions. Since the fundamental scale in the theory is a Planck’s mass, fermions should
be massless up to the moment of spontaneous symmetry breaking. Thus they should be zero
modes. In our approach they can obtain masses on a dimensional reduction scale. Thus they are
zero modes in (4+n1)-dimensional case. In this way (n1+4)-dimensional fermions are not chiral
(according to very well known Witten’s argument on an index of a Dirac operator). Moreover,
they are not zero modes after a dimensional reduction, i.e., in 4-dimensional case. It means we
can get chiral fermions under some assumptions.
This has been obtained in Ref. [30]. We obtain Yukawa terms in the lagrangian for 12 -spin
fermion fields using higher dimensional spinor fields. Our candidates for dark matter particles
are a quintessence particle and a skewon. A skewon is a pseudovector massive particle (spin 1),
a quintessence particle is a massive scalaron (spin 0).
We expect some nonrelativistic effects leading to non-Newtonian gravity.
We consider the Nonsymmetric Kaluza–Klein (Jordan–Thiry) Theory with spontaneous sym-
metry breaking and Higgs’ mechanism with a scalar field Ψ . We get inflation from this theory
with a quintessence and several testable cosmological predictions (see Refs [15], [5]). We find a
dynamical model for a cosmological constant. In the models of the Universe we get several phase
transitions of the second and of the first order. The real source of a quintessence is a scalar field Ψ .
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Due to its very unusual selfinteraction potential (coming from higher dimensions) it can proceed
to the very unexpectable features. Of course this is not the end of the story. This is really a
beginning.
In future papers we develop an interaction of fermion fields within our hierarchy of symmetry
breaking. It means a fermion part of GUT’s in the Nonsymmetric Kaluza–Klein (Jordan–Thiry)
Theory. We will also develop an idea of Dark Matter in our theory.
The future development should contain several examples of GUT’s. It means, we should find
exact forms of a diffeomorphism g
g : M →M0 ×M1 × . . .×Mk−1
for established k (see Section 3). The quantization procedure (our theory up to now is a classical
field theory) will be developed by using nonlocal quantization according some ideas from Ref. [10].
Let us give the following comment. In the paper [70] one considers symmetric Kaluza–Klein
Theory (also non-Abelian) (see also Ref. [71] for some explanations and Translation of Terminology
in Table 1). Our construction (nonsymmetric) is a generalization of this approach. In Ref. [72]
one considers a possibility to travel in higher dimensions a little different in spirit than in Ref. [51].
One can find the full treatment of hierarchy of the symmetry breaking in Refs [73] and [5].
For a modern treatment of geometry see Appendix A of Ref. [9] and Section 2 Elements of
geometry of Ref. [10].
Let us give the following historical remark. In 1915 in Göttingen (Germany) three people:
A. Einstein, D. Hilbert and O. Klein were discussing the following problem: What is a lagrangian
for a gravitational field? Eventually they decided: it is a scalar curvature R4 for a Levi-Civita
connection on a 4-dimensional manifold E—induced by a metric tensor gµν = gνµ on E. In this
way an action for a gravitational field is
∫
R4
√−g d4x, known now as a Hilbert action. In 1921
(see Ref. [74]) T. Kaluza obtained classical electrodynamics in a vacuum coupled to General
Relativity considered as a lagrangian of both fields R5—a scalar curvature on a 5-dimensional
manifold equipped with a metric tensor and a 5-dimensional Levi-Civita connection. An action
is of course
∫
R5
√|γ| d5x. The theory has been very much developed to include non-Abelian
Yang–Mills’ fields (for full bibliography see Ref. [4]). Simultaneously General Relativity has been
extended to nonsymmetric metric tensor and nonsymmetric affine connection in order to get a
unified field theory (see Ref. [1] for a bibliography). A lagrangian of a unified field theory was R4
but for a generalized linear (affine) connection and an action was as before
∫
R4
√−g d4x.
In the case of non-Abelian gauge fields a lagrangian was Rn+4 (a scalar curvature on
(n+4)-dimensional manifold), an action being Rn+4
√|γ| dn+4x. The so-called dimensional reduc-
tion procedure has been added to the Kaluza–Klein Theory (see Ref. [75]), resulting in appear-
ing of Higgs’ fields, spontaneous symmetry breaking and Higgs’ mechanism, with a lagrangian
1
V2
∫
M Rn+n1+4
√|g˜| dnx (an average of (n+n1+4)-dimensional curvature scalar on (n + n1 + 4)-
dimensional manifold) and with an action
∫
Rn+n1+4
√|g| dn+n1+4x.
On every stage of the Kaluza–Klein theory it is possible to add a scalar field Ψ (in a Jordan–
Thiry manner). Our preliminary version of a unified field theory uses these ideas, using
1
V2
∫
M
Rn+n1+4
√
|g˜| dn1x
(an average of (n+n1+4)-dimensional curvature scalar of an affine connection on (n + n1 + 4)-di-
mensional manifold equipped with a nonsymmetric metric tensor) as a lagrangian, and
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∫
Rn+n1+4
√|γ| dn+n1+4x as an action. In all mentioned theories geodetic equations with re-
spect to Levi-Civita part of a connection considered is supposed to be a test particle equation of
motion.
Let us give the following remark. A unified field theory describes a local physics (e.g. in the
Solar System). Field equations of this theory are proposed in this paper (except fermions which
are described in Ref. [30]). Moreover, there is a problem of mass generating for some fields. In
the paper this is a Higgs’ mechanism. Moreover, due to the need for the existence of a Dark
Matter and Dark Energy some nonlocal physics should be engaged. It means, we consider also
cosmology. We need massive particles as Dark Matter particles (massless are useless, they are
radiation). Skewon obtained a mass due to a cosmological constant. Cosmological constant is not
zero due to cosmological evolution of a field ϕ (an inflaton). Thus a ToE (Theory of Everything)
should contain also a Modern Cosmology.
Let us consider a problem of gravitational radiation. In the Nonsymmetric Kaluza–Klein
(Jordan–Thiry) Theory we have to do with three gravitational particles: graviton, skewon and
scalaron (quintessence particle). The first one is massless, the remaining are massive. Moreover,
if the cosmological constant is zero, they are massless. According to the analysis of a secular
motion of the binary system BPSR 1913+16 we have the following conclusion. The energy loss of
a binary system is consistent with a quadruple radiation formula of GR modulo Kepler law and
general relativistic effects: periastron movement, Doppler effect etc. (see Refs [76, 77]).
It means, we have to do with only one kind of radiation-gravitational waves (gravitons).
There is not any trace of scalar (isotropic) radiation. Such radiation would be possible if a
scalaron and a skewon were massless. Thus there are not any long range fields except ordinary
gravity (symmetric part of a metric tensor) (see Refs [76, 77]). The analysis of the BPSR 1913+16
has been done by C. Will in Ref. [78] by PPN (Parametrized PostNewtonian) formalism. After
the discovery of BPSR 1913+16 we found several binary systems with relativistic effect which
support the above claim. Recent observation with discovery of gravitational waves supports
existence of two polarizations of the waves (±2). There is no scalar (isotropic) polarization (see
Refs [79, 80, 81, 82]).
Let us notice the following fact. NGT (Nonsymmetric Gravitation Theory) does not constrain
BPSR 1913+16 data. There is here only quadrupole radiation as in GR. This is important because
the Nonsymmetric Kaluza–Klein (Jordan–Thiry) Theory has NGT as a limit. J. W. Moffat and
his coworkers have developed PPN formalism in NGT (see Refs [83, 84, 85, 86, 87]). They have
applied the formalism successfully for BPSR 1913+16 (see Refs [88, 89]). We do not have any
scalar radiation.
This strongly supports that a scalaron and a skewon are massive with Yukawa-type long range
behaviour. They are not of an infinite range type fields. There is a research devoted to finding a
scalar radiation.
Let us give some more general and philosophical considerations on unification and geometriza-
tion of physical interactions.
We describe here a scheme of unification of fundamental physical interactions. Simultaneously
this unification is geometrical. Thus this is in some sense a Unified Field Theory (see Introduc-
tion). Moreover, contemporary TOE (Theory Of Everything) should also answer some additional
astrophysical and cosmological problems (see Refs [16, 17, 90]). In particular we face a problem
of a Dark Matter and a Dark Energy (cosmological constant, quintessence, vacuum energy). Our
approach answer those questions giving as Dark Matter particles: pseudovector massive bosons
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(skewons) and massive scalarons. Simultaneously it is possible to extend the theory (still geo-
metrical) to include a tower of massive scalar fields (masses have a scale equal to 1r , r is a radius
of a vacuum states manifold M = G/G0). The tower can be also used as a regulator field in
quantized theory. Let us remind to the reader that a quantization procedure for our theory will
be a nonlocal quantization (Yukawa, Efimov, Moffat, see Refs [91, 92, 93, 94, 95]).
In our theory we have the fifth force which manifests as a Geff (effective gravitational “con-
stant”), depending on a scalar field ϕ (or Ψ), the same field which is a source of scalarons, our
Dark Matter. The field ϕ (or Ψ) is coming from higher dimensions. This field plays the role
of an inflaton field. In this way we have geometrized inflationary geometry giving the reason
d’être for an inflaton. Our Dark Matter and Dark Energy have been geometrized. Dark Matter
particles interact very weakly with ordinary (barionic) matter. Really they are interacting almost
only gravitationally, being a part of a gravity. A Dark Matter and the fifth force can explain
a flat rotation velocity curve for galaxies and a necessary non-barionic part of a matter in our
Universe. A Dark Energy in our approach gives us a cosmological constant important for an
observed accelerated expansion of the Universe.
In the five-dimensional theory we get nonsingular (finite energy) solution of field equations in
the case of spherically symmetric and stationary case without and with a cosmological constant
(see Refs [4, 9]. These solutions have nonsingular electric and Newtonian-like gravitational fields.
We get also gravito-electromagnetic waves (generalized plane-waves) solutions (see Ref. [9]).
In this geometrical unification of GSW model we get correct masses for W±, Z0 and Higgs’
bosons together with a value of Weinberg angle θW in comparison with an experiment. We give
a theory of a dielectric model of confinement of a charge and a color. Moreover, a problem of a
flat rotation velocity curves for galaxies can be explained using our Dark Matter, the fifth force
or both. In the approach it is possible to make a cosmological constant equal to zero, making
place for inhomogeneous models of the Universe (Lemaître–Tolman model, or even Szekers). In
this way scalarons and skewons cannot be used as a Dark Matter. They are a part of a radiation.
Only an additional Dark Matter (mentioned above a tower of scalar fields) can explain a missing
mass etc. Some recent constrains from observation do not settle a controversy: a Dark Matter or
modification of gravity (e.g. a fifth force) or both.
According to A. Mukhanov (a private communication) cosmological and astrophysical data
cannot be the only data to choose an appropriate unification scheme of fundamental interactions.
Our approach can explain and repeat all successes of Milgrom’s MOND (MOdified Newtonian
Dynamics). Simultaneously two relativistic approaches, different in their nature, have excerpted
Newtonian, non-Newtonian (MOND) nonrelativistic limits. A different approach to gravity, the
so-called MOG (MOdified Gravity) can explain the mentioned data without a Dark Matter too.
In the end of Section 5 we consider several theories and also several approaches coming to
Dark Matter theories. Those theories are able to explain an existence of a Dark Matter or to
explain a problem of missing mass in galaxies without a Dark Matter. Thus it will be interesting
to consider a problem from philosophical point of view in a wider sense.
What does it mean from the philosophical point of view? It means that there are several
theories different in nature (giving completely different picture of the world) that can give an
explanation of mentioned data. This is very interesting because it touches our definition of truth
in philosophy of science (in scientific, physical-like theories).
Let us remind to the reader that we have several theories of the truth: classical, pragmatical,
conventional, coherent etc. All of these theories have been applied in the philosophy of science.
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The classical truth is an Aristotelian theory. It says: Veritas est adequatio rei et intelecto (the
truth is equivalence between a think and a reality, someone tells a truth if she (or he) is saying as
it is). Moreover, in the case of several physical theories the situation is more complex. Every of
the mentioned theories tells something completely different (different worlds). Moreover, reality
is the same. This concerns also our approach. What kind of the theory should we use? Classical
theory is not enough. Let us mention that the classical theory of truth has been formalized by
A. Tarski (see Ref. [96]) by a relation of satisfiability in a model of the theory. The sentence is
true if it is satisfiable in all models.
This theory of truth is going to the Gödel theorem and Löwenheim–Skolem theorem. Thus
this is very important for deductive sciences (mathematics and logic). If we formalize some
physical theories, this will also be important for empirical sciences (Hilbert axiomatization of
elastic mechanics, general relativity etc.).
We should mention an incompleteness theorem by K. Gödel (see Ref. [97]) based really on the
theory of truth by A. Tarski. Moreover, we will not consider the theorem for physical theories
because this theorem is applicable first of all for formal sciences such as logic and mathematics
(see Refs [98, 99]). It is worth to mention that recently someone applied some Gödel’s ideas in
quantum mechanics (see Ref. [100]). However this approach has nothing to do in our coherent
theory of the truth. Some methodological problems in empirical sciences can be found in Refs
[101, 102] which are also beyond a coherent theory of the truth.
However in the case of empirical sciences the connection with the reality is more important.
The question is as follows. What kind of the theory of truth should we use? A classical theory
of truth is not enough. The answer is not so easy. Pragmatical theory of truth is obsolete for
natural (physical) sciences. Conventional theory of truth (a truth is a convention) is not enough,
e.g. it is useful if we accept a convention that all real numbers are accessible in an experiment.
However not more. Thus we have only coherent theory of truth. The theory is true if it “works”
on more experimental facts (wider reality). It is easy to see that the Nonsymmetric Kaluza–Klein
(Jordan–Thiry) Theory satisfies this condition. The reality covered by the theory is wider than
MOND, bimetric MOND, scalar, tensor, vector MOND theory, MOG.
In order to explain the problem to the reader we give some examples from literature and
movies. In the book The Futurological Congress (see Ref. [103]) the author S. Lem (a science-
fiction writer) gives us a world governed by hallucinogenic manipulations on several levels. The
world in one level is a hallucination on the higher level. The reality (the truth) is on the highest
level (if we know this level). The second example is in the movie Matrix, where we have to do
with a “reality” which is a simulation in a different reality. In this movie and its subsequent parts
we have to do with such simulations. All of these examples can be summarized as a dream inside
a dream. This dream is real (a reality) which is coherent (consistent) on all facts. This is TOE
(Theory Of Everything) in the meaning of physical theories.
Roughly speaking, the book describes adventures of Ijon Tichy, a hero of Lem’s books (see
lemology—a science devoted to S. Lem’s books), during the Eight Futurological Congress in
Costaricana (sent by Professor Tarantoga to the Congress) (do not mix with real Costa Rica).
He loses a consciousness during a revolution in Costaricana and destruction of the Hotel Hilton
where the congress took place. During that time he has several visions concerning the world
where chemical hallucinogens influence human brain causing effects expected by manipulators.
There are some cures for an influence of hallucinogens (also some chemical substances) which act
on several levels. In some sense the levels are “local truths”. In the end there is a “real truth”.
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The world is going to the climate catastrophe.
The truth on several levels of manipulations gives us a picture of a reality needed by manip-
ulators (by chemical substances) to be considered as a real truth.
In Matrix we have similar ideas of different realities caused by computer simulations. All the
simulations are delivered directly to human brains connected among themselves and to central
computer Matrix. It is possible to interrupt a simulation (a program) getting a different reality.
The analogy to Lem’s book is evident (even by different “physical means”). In the case of dreams
(the so-called REM-dreams) this is also evident. During a dream we consider it as a reality. After
a walkup we know it was a dream. A virtual reality which is now better and better can realize
such ideas giving us a taste of a motion of coherent theory of the truth.
In scientific theories partial truth (partial realities) are inconsistent among themselves as
dreams, levels of hallucinogens, manipulations, computer programs (in Matrix). There is a
coherent reality, e.g. Dark Matter with the fifth force gravity in the Nonsymmetric Kaluza–
Klein (Jordan–Thiry) Theory. Explanations of the flat rotation curve of a galaxy given by Refs
[58, 59] are inconsistent. They are consistent only in a nonrelativistic (non-Newtonian) limits (see
Ref. [60]). They are inconsistent also in the case of MOG. Coherent theory of the truth works
here very well.
Appendix A
Let us consider a model of the Universe with Friedman–Robertson–Walker metric (a big-bang
cosmology)
ds2 = dt2 − a2(t)
(
dr2
1− kr2 + r
2(dθ2 + sin2 θ dϕ2)
)
, k = 0,±1, (A.1)
where a(t) is a scale factor. The Universe with scalar field Ψ only (see (4.76) for a form of a
lagrangian).
We get the following equation from Einstein’s equation:
H2 =
8π
3m2pl
− k
a2
. (A.2)
Moreover, in order to make additional considerations we consider also a hydrodynamic energy-
momentum tensor as a source of Einstein equations.
Tµν = (p + ρ)uµuµ − pgµν . (A.3)
p is the pressure and ρ is the density of a matter, uµ is the four-velocity of a fluid.
From Einstein’s equation
Rµν − 1
2
Rgµν = 8πGNTµν (A.4)
ρ˙+ 3H(p+ ρ) = 0, (A.5)
where H = a˙a is a Hubble constant (our evolution is de Sitter exponential evolution, thus H is
really a constant).
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We get also
a¨
a
= − 4π
3m2pl
(p + 3ρ), (A.6)
mpl = (
~c5
GN
)1/2 is the Planck’s mass. (We consider such a system of units that c = 1, ~ = 1.) Eq.
(A.2) can be rewritten as
Ω − 1 = k
aH2
(A.7)
Ω =
ρ
ρc
, ρc =
3H2m2pl
8π
, (A.8)
where ρc is a critical density and Ω is the ratio of energy density to the critical density.
Let us consider a dynamics of our field Ψ in the following way:
ρ =
M
2
Ψ˙2 + U(Ψ)
p =
M
2
Ψ˙2 − U(Ψ).
(A.9)
One gets
H2 =
8π
3m2pl
(
M
2
Ψ˙2 + U(Ψ)
)
(A.10)
MΨ¨ + 3MHΨ˙ +
dU
dΨ
= 0 (A.11)
k = 0.
Our field Ψ is an inflation field (it plays several rôles). During inflation, i.e. for a¨ > 0, we have
MΨ˙2 < U(Ψ). (A.12)
Usually one supposes also a slow-roll relations (see Ref. [90]) 12 Ψ˙
2M ≪ U(Ψ) and Ψ¨M ≪ HΨ˙ . In
this way one gets
H2 =
8π
3m2pl
U(Ψ) (A.13)
3HMΨ˙ ∼= −U ′(Ψ) (A.14)
According to Ref. [90] we introduce slow-roll parameters
ε =
m2pl
16π
(
U ′
U
)2
η =
m2pl
8π
(
U ′′
U
)
.
(A.15)
Our approximation is valid only if
ε≪ 1, |η| ≪ 1. (A.16)
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An amount of inflation is supposed to be
N = ln
af
ai
=
∫ tf
ti
H dt, (A.17)
where af is the final scale radius of the Universe, and ai is the initial radius of the Universe. H is
nearly constant during the inflation. If the number N ≃ 70 the problem of flatness is solved.
Moreover, in our model we use Ψ for several purposes.
We have Ψi ∼= 0, Ψf = Ψ0 or in terms of the field ϕ (Ψ = Ψ0 + ϕ)
ϕi = −Ψ0
ϕf = 0.
(A.18)
In this moment our field ϕ is the so-called quintessential inflaton (it is a source of a cosmological
constant—vacuum energy—a Dark Energy, a quintessence) and we get
λc0(Ψ0) = −1
2
U(Ψ0) (A.19)
(see Section 4 for details). This is really a dynamical origin of a cosmological constant in slow-roll
approximation.
Let us calculate ε and η parameters in our theory (Nonsymmetric Kaluza–Klein (Jordan–
Thiry) Theory). One gets
ε =
m2pl
16π
(
U ′
U
)2
=
m2pl
16π
(
(n+ 2)e2Ψα2s
R˜(Γ˜ )
l2
pl
+ n P˜
r2
)2
(
e2Ψα2s
R˜(Γ˜ )
l2
pl
+ P˜
r2
)2
η =
m2pl
8π
(
U ′′
U
)
=
m2pl
8π
(
(n+ 2)2e2Ψα2s
R˜(Γ˜ )
l2
pl
+ n2 P˜r2
)
(
e2Ψα2s
R˜(Γ˜ )
l2
pl
+ P˜r2
)2
One gets ε(Ψ0) = 0. Moreover, we can substitute Ψ = Ψ0 + ϕ and approximate a potential
U(Ψ0 + ϕ) as U(Ψ0) +
1
2Mm
2
0ϕ
2 getting typical slow-roll inflation.
Let us consider an evolution of a field Ψ (or ϕ or q0) in a cosmological background in a more
general case (without a slow-roll approximation). One gets
d2Ψ
dt2
+ 3H
dΨ
dt
+
1
M
U ′(Ψ) = 0, (A.20)
i.e.
d2Ψ
dt2
+ 3H
dΨ
dt
+
1
M
(
γnenΨ + β(n + 2)e(n+2)Ψ
)
= 0
or
d2ϕ
dt2
+ 3H
dϕ
dt
+
1
M
((
γn
√
|γ|n
β(n + 2)
)n
· enϕ(1− e2ϕ)
)
= 0 (A.21)
under the following conditions
ϕi = ϕ(0) = −Ψ0
ϕf (tf ) = 0
(A.22)
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or
Ψi(0) = 0
Ψf (tf ) = Ψ0 = argminU(Ψ).
(A.23)
The evolution described here might not give enough inflation. Thus we need additional inflationary
schemes, i.e. a tunnel effect from a false vacuum state to a true vacuum state. We get
λc1(0) =
α2s
l2pl
R˜(Γ˜ ) +
P˜
r2
+
4
r2
(
l2pl
r2
)
V (Φ1crt) (A.24)
(false vacuum, see Eq. (4.99)) and
λc0(0) =
α2s
l2pl
R˜(Γ˜ ) +
P˜
r2
(true vacuum)
λc1 > λc0,
(A.25)
after that we have an evolution of the field ϕ according to Eq. (A.21). A time of a tunnel effect
to proceed we suppose to be zero. The evolution of the Universe is still exponential-de Sitter
space-time.
In the end of the inflation and a further evolution of the field Ψ we are getting a cosmological
constant
λc0(Ψ0) = −1
2
U(Ψ0) (A.26)
which we can try to tune to the measured value of the cosmological constant. From that moment
we can put in the full field equation U(Ψ) = U(Ψ0) = −2λc0(Ψ0) and proceed some calculations
known in Section 4.
In Refs [5], [15] we consider several models of inflation. In all approaches the field Ψ or ϕ (or qi)
plays the rôle of an inflaton field with an evolution to a value Ψ0 (a minimum of the potential).
Around Ψ0 (or 0 for ϕ) we can apply quadratic approximation for a potential U(Ψ0 + ϕ) ∼=
−M2 m20ϕ2 + U(Ψ0).
We get
U(Ψ0) =
2γ
n+ 2
(√
n(−γ)
(n+ 2)β
)n
dU
dΨ
(Ψ0 + ϕ) = γn
(√
(−γ)n
β(n+ 2)
)n
· enϕ(1− e2ϕ) (A.27)
dU
dΨ
(Ψ0) = 0 (A.28)
d2U
dΨ2
(Ψ0) = nγ
(√
(−γ)n
β(n+ 2)
)n
· enϕ(n− (n+ 2)e2ϕ) (A.29)
U(Ψ0 + ϕ) = U(Ψ0) +
1
2
d2U
dΨ2
(Ψ0)ϕ
2 + . . . = −2Λ˜+ 1
2
Mm20ϕ
2 + . . . (A.30)
Mm20 = −2nγ
(√
(−γ)n
β(n+ 2)
)n
= 2n|γ|
(√ |γ|n
β(n + 2)
)n
, γ < 0, β > 0. (A.31)
92
Let us give the following remark. The cosmological constant in the theory is of a dynamical
origin. It is the minimum (extremum) of a self-interaction potential of the field Ψ, λc0(Ψ0) =
U(Ψ0). We can introduce to the full field equation Ψ = Ψ0 + ϕ and λc0(Ψ0).
In terms of the field ϕ we get:
ε =
m2pl
16π
n2(n + 2)2(1− e2ϕ)2
((n+ 2)− ne2ϕ)2 (A.32)
η =
m2pl
8π
n(n+ 2)(n− (n+ 2)e2ϕ)
((n + 2)− ne2ϕ) =
m2pl
8π
· n(n+ 2)(n(1 − e
2ϕ)− 2e2ϕ)
(n(1− e2ϕ) + 2e2ϕ) (A.33)
ε(Ψ0) = ε(ϕ = 0) = 0 (A.34)
ε(Ψ = 0) ∼= m
2
pl
16π
(
γn+ β(n+ 2)
γ + β
)2
∼= m
2
pl
16π
(n+ 2)2 (A.35)
|η(Ψ0)| = |η(ϕ = 0)| =
m2pl
8π
n(n+ 2) (A.36)
U(Ψ0) = −2λ(Ψ0) = −2Λ˜ = 2
(
mA˜
α2smpl
)nnmA˜|P˜ |
α2s
(√√√√ |P˜ |n
(n+ 2)R˜(Γ˜ )
)n
= |M |m20. (A.37)
Let us consider an inflationary era in our model in quadratic approximation for U(Ψ0 + ϕ).
H2 =
4πm20ϕ
2
3m2pl
+
8πm20
3m2pl
(A.38)
3Hϕ˙|M |+m20ϕ = 0
3
(
a˙
a
)
ϕ˙M +m20ϕ = 0.
(A.39)
One gets (
a˙
a
)2
=
4πm20ϕ
2
3m2pl
+
8π
3m2pl
m20
a˙
a
=
√
ϕ2 + 2 ·
(
2m0
√
π√
3mpl
)
ϕ˙ = − m0ϕ
M
√
ϕ2 + 2
· mpl
2
√
3π
and consequently √
ϕ2 + 2
ϕ
dϕ = − m0mpl
2
√
3πM
dt
One easily gets
− m0mpl
2
√
3πM
(t− t0) =
√
ϕ(t)2 + 2 +
1√
2
ln
√
2−√ϕ(t)2 + 2√
2 +
√
ϕ(t)2 + 2
a(t) = exp
(
2m0
√
π√
3mpl
∫ t
t0
√
ϕ(t)2 + 2 dt
)
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or √
ϕ(t)2 + 2 +
1√
2
ln
√
2−√ϕ(t)2 + 2√
2 +
√
ϕ(t)2 + 2
=
1
M
ϕi − m0mpl
2M
√
3π
t
ε =
m2pl
4π
ϕ2
(2 + ϕ2)2
, ϕ2 ≫ 2, ε = m
2
pl
4π
· 1
ϕ2
η =
m2pl
4π
1
2 + ϕ2
, ϕ2 ≫ 2, η = m
2
pl
4π
· 1
ϕ2
.
And eventually
ϕ ≃ ϕi − m0mpl
2
√
3π
Mt
a(t) ≃ exp
(
2m0
√
π√
3mpl
(
ϕit− m0mplM
4
√
3π
t2
))
.
The slow-roll parameters are as follows
ε = η =
mpl
4π
(
1
ϕ
)2
. (A.40)
To get N ≃ 70 we should have
ϕi > 3mpl. (A.41)
The inflation is successful if for the scalar field ϕ
m0 ≤ 10−6mpl, (A.42)
mpl ≃ 24 × 1018GeV and in our case m0 ≃ 14.2 × 10−5 eV. The inflation presented here could
be called a dark inflation because a scalar field ϕ is a part of our Dark Matter. In this way the
condition is satisfied. Moreover, an evolution of a field ϕ does not end after a de Sitter phase,
exponential evolution phase. It ends in the moment ϕ = 0, i.e. where U(Ψ) = U(Ψ0 + ϕ) reaches
a minimum.
In further development we can consider an idea of cosmological models with a cosmological
constant (vacuum energy) and cold Dark Matter and ordinary matter. Our Dark Matter is of
course a cold Dark Matter.
Let us remind to the reader that our unification contains GR as a limit for g[µν] = 0 and Ψ = 0.
Thus we can consider ordinary Einstein equations with a cosmological constant (or without) equal
to Λ˜ = −12U(Ψ0) which has been proceeded.
Rµν − 1
2
Rgµν + Λ˜gµν =
8π
m2pl
matter
T µν or (A.43)
Rµν − 1
2
Rgµν =
8π
m2pl
(matter
T µν − ρvacgµν
)
, (A.44)
where ρvac is a vacuum energy.
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In this case one gets
H2 = H
∑ ρc˙
ρc
= H0
∑
i
Ωia
−3(1+Wi)
(
H2 =
8πGN
3
∑
ρi
)
(A.45)
ρc =
3H20
8πGN
− critical density
Ωi =
ρ0i
ρc
− ρi − initial density of a type of a matter “i”
ρvac =
Λ˜
8πGN
.
In our case we have
i = 0, ordinary matter dust, W = 0
i = 1, radiation, W = 13
i = 2, cold Dark Matter dust, W = 0
i = 3, vacuum energy, W = −1
Our cosmological model is the so called ΛCDM model and one gets
H(a) =
a˙
a
= H0
√
(Ω0 +Ω2)a−3 +Ω1a−4 +Ω3 (A.46)
Ω1 = 10
−4. (A.47)
Thus one finds (Ω0 +Ω2 = Ωm)
H(a) = H0
√
Ωma−3 +Ω3 (A.48)
a(t) =
(
Ωm
Ω3
)1/3
sinh
(
t
t
Λ˜
)
(A.49)
t
Λ˜
=
2
(3H0
√
Ω3)
(A.50)
where
Ωi =
ρic(t− tΛ˜)
ρc
=
8πGNρic(t− tΛ˜)
3H20
(A.51)
We suppose that our model is spatially flat k = 0. In further papers we will consider some
predictions of the model considered with perturbations of density of matter (both barionic and cold
Dark Matter). This gives us a fluctuation of spectrum of background radiation to compare with
observations. The value of W can be considered as a parameter of the theory. The comparison
of ΛCDM with observation is really perfect. Moreover, if we abandon the Robertson–Walker–
Friedman and consider inhomogeneous Lemaître–Tolman models, we can avoid an accelerating
expansion and introduction of a cosmological constant.
Let us consider a density perturbation in our theory where the field Ψ plays the role of an
inflaton and also a role of a quintessence field. It means, the energy of a field Ψ has been realized
and particles have been created. Before an era of slow-roll inflation an additional energy has been
95
realized after a tunnel effect from a false vacuum to a true vacuum state. Simultaneously the
field Ψ (alternatively the field ϕ) evolves to the minimum of an energy of a selfinteraction energy
U(Ψ) = U(Ψ0). According to Ref. [104] we consider Einstein equation without a cosmological
constant (it is included in U(Ψ)) with sources of a field Ψ . We divide Ψ into two parts, ϕ˜ and
δϕ˜. ϕ˜ is a homogeneous part of the field Ψ and δϕ˜ is its fluctuating part. We can repeat all
calculations from Ref. [104], getting the following results for a spectrum of curvature fluctuations
RR = A2R
(
k
aπ
)nR−1
, (A.52)
k is a wave vector number. (Let us remind to the reader that we are using linearized Einstein
equations around homogeneous solution for metric and field Ψ)
nR − 1 = d lnRR
d ln k
= 6ε+ 2η. (A.53)
Thus we get that a spectrum of a curvature is scale invariant. In this way we reached classi-
cal Modern Cosmology from the Nonsymmetric Kaluza–Klein (Jordan–Thiry) Theory where the
inflaton field (a scalar field) has its origin from geometry, being simultaneously a Dark Matter.
In future papers we will consider also a gravitational waves production from our inflaton ϕ
(or Ψ) oscillations.
Appendix B
In the appendix we give a theory of an additional Dark Matter, appearing in the Nonsymmetric
Kaluza–Klein (Jordan–Thiry) Theory. We use here the Friedrichs’ theory in order to get a mass
spectrum for an infinite tower of scalar fields. We use also a group representation theory to
examine a spectrum of mass of scalar particles.
Moreover it is interesting to consider a more general case with ρ depending on x ∈ E and
y ∈M i.e.
ρ = ρ(x, y). (B.1)
In this case we expand ρ into a complete set of real functions defined on M .
ρ =
∞∑
k=0
ρk(x)χk(y) (B.2)
and consider such a ρ that:
‖ρ˜(x)‖2 =
∞∑
k=0
ρ2k(x) <∞. (B.3)
The condition (B.3) means that ρ˜(x) ∈ ℓ2 (a Hilbert space) x ∈ E i.e. ℓ2–valued function defined
on E. If functions χk(y) defined on M form an orthogonal basis in L
2(M,dm,
√|g˜|) i.e.
‖χk‖2 = 1
V2
∫
M
√
|g˜|χ2k(y) dm(y) <∞ (B.4)
and
(χk, χl) =
1
V2
∫
M
√
|g˜|χk(y)χl(y) dm(y) = ‖χk‖2δkl k, l = 0, 1, 2 . . . (B.5)
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and for every real f(y) such that
‖f‖2 = 1
V2
∫
M
√
|g˜|f2(y) dm(y) <∞, (B.6)
f(y) =
∞∑
k=0
fkχk(y), (B.7)
∞∑
k=0
f2k <∞, (B.8)
fk =
1
V2
∫
M
√
|g˜|f(y)χk(y) dm(y). (B.9)
The convergence of (B.2), (B.7) is understood in the sense of L2 norm. Thus in this more general
case we have to do with a tower of scalar fields ρk(x), k = 0, 1, 2, 3 . . .
We can arrange a basis χk(y) in such way that:
χ0(y) = 1. (B.10)
It is easy to see that this function is normalized to one:
‖χ0‖ = 1. (B.11)
Using a Schmidt orthogonalization procedure one gets remaining χk, k = 1, 2, . . . from generalized
harmonics on M such that:
(χk, χl) = δkl. (B.12)
In this way the condition (4.37) means a truncation condition for ρ i.e.
ρ(x) = ρ0(x) +
∞∑
k=1
ρk(x)χk(y) (B.13)
and we consider only the first term ρ0
ρ(x) = ρ0(x). (B.14)
The general treatment of ρ is given below.
The generalized harmonics on (M,h0) are eigenfunctions of the usual Beltrami–Laplace oper-
ator on (M,h0) (which is an elliptic operator for M is compact and without boundaries).
∆ηk = akηk, (B.15)
where ηk is an eigenfunction of ∆ and ak is an eigenvalue, k = 0, 1, 2 . . .
u∆ =
1
2
(d ∗ d ∗+ ∗ d ∗ d) (B.16)
is the Beltrami–Laplace operator on M , ∗—means a Hodge’s star and d is an exterior derivative
on M , u means a volume form on M (n1-form). Sometimes we define δ = ∗d∗. One can write ∆
in a more convenient form:
∆f = div(grad(f)) = − 1√|h0|(h0a˜b˜
√
|h0|f,b˜),a˜, (B.17)
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where h0 = det(h0
a˜b˜
).
It is easy to see that ak = 0 corresponds to a constant function (a manifold M is compact).
Functions ηk form a basis in a different Hilbert space of L
2-type i.e. ηk ∈ L2(M,dm). Moreover
L2(M,dm) and L2(M,dm,
√|g˜|) are unitary equivalent since measures dµ1 = dm and dµ2 =√|g˜| dm are such that µ2 ≪ µ1 and µ1 ≪ µ2. The isomorphism
U : L2(M,dm,
√
|g˜|)→ L2(M,dm),
f2 = U(f1) = |g˜|1/4f1
establishes this equivalence.
The truncation procedure can be obtained in a different way taking
ρ(x, y) = ρ0(x)ρ1(y), x ∈ E, y ∈M.
In this way after averaging over the manifoldM we get basically the same shape of the lagrangian
with exactly the same factors depending on the scalar field ρ0(x).
Moreover it is more convenient to consider the field Ψ in place of ρ.
ρ = e−Ψ . (B.18)
In this case one finds:
Ψ(x, y) =
∞∑
k=0
Ψk(x)χk(y). (B.19)
Let us find a condition for the function ρ(x, y) such that Ψ(x, y) is an L2(M,dm,
√|g˜|)-valued
function of x ∈ E. From (B.18) one finds that ln(ρ) is an L2(M,dm,√|g˜|)-valued function i.e.:∫
M
(ln(ρ))2
√
|g˜|dm(y) <∞. (B.19a)
Thus the sufficient condition for ρ is that ρ and ρ−1 are bounded on M − A, where m(A) = 0.
It means that ρ˜(x), ρ˜−1(x) ∈ L∞(M,dm,√|g˜|) and ‖ρ˜(x)‖∞ = ess supy∈M |ρ(x, y)| < ∞. The
convergence ρ˜n(x, ·) → ρ˜(x, ·) with respect to the norm ‖ · ‖∞ means a uniform limit. We have
the same for ρ˜−1(x). We can also consider a decomposition of ρ(x, y) into a series of generalized
harmonics on M i.e.
ρ(x, y) ∼ ρ0(x) +
∞∑
k=1
ρk(x)χk(y) (B.19b)
such that
ρk(x) =
1
V2
∫
M
√
|g˜|ρ(x, y)χk(y) dm(y),
ρ0(x) =
1
V2
∫
M
√
|g˜|ρ(x, y) dm(y).
(B.19c)
If
∞∑
k=0
ρ2k(x) < ∞, x ∈ E the series on the right-hand side of (B.19b) converges to the function
ρ(x, y) in L2(M,dm,
√|g˜|) sense. The limit can be understood in a uniform sense if ρ(x, y) is
continuous and V (x) = Var(ρ˜(x)) <∞ in M for every x ∈ E.
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Moreover it is interesting to know properties of Ψ˜(x) if ρ˜(x) is an L2(M,dm,
√|g˜|)-valued
function. One gets:
‖ρ˜(x)‖2 ≤ V2 +
∞∑
n=1
2n
n!
(‖Ψ˜(x)‖n)n <∞, (B.19d)
where
‖Ψ(x)‖n =
( ∫
M
√
|g˜||Ψ(x, y)|ndm(y)
)1/n
is an Ln(M,dm,
√|g˜|) norm. Let us suppose that for every n ∈ N∞1 , Ψ˜(x) is an Ln(M,dm,√|g˜|)-
valued function. For
V2 =
∫
M
√
|g˜|dm(y) <∞
one gets
‖Ψ˜(x)‖n ≤ ‖Ψ˜(x)‖n′V 1/n−1/n
′
2 ,
if 1 ≤ n ≤ n′ ≤ ∞ and
L∞(M,dm,
√
|g˜|) ⊂ Ln′(M,dm,
√
|g˜|) ⊂ Ln(M,dm,
√
|g˜|) ⊂
⊂ L1(M,dm,
√
|g˜|) = L(M,dm,
√
|g˜|).
Thus if n′ →∞ one obtains
‖Ψ˜ (x)‖n ≤ ‖Ψ˜(x)‖∞V 1/n2 = (ess supy∈M |Ψ(x, y)|)V 1/n2 . (B.19e)
From (B.19d) and (B.19e) we have
‖ρ˜(x)‖2 ≤ V2e2‖Ψ(x˜)‖∞ . (B.19f)
Thus if Ψ˜(x) ∈ L∞(M,dm,√|g˜|)ρ˜(x) is an L2(M,dm,√|g˜|)-valued function . This means that
Ψ(x, y) is bounded on M − A where m(A) = 0. In this way we get an interesting duality.
The sufficient condition for Ψ˜(x) to be an L2(M,dm,
√|g˜|)-valued function is ρ˜(x), ρ˜−1(x) ∈
L∞(M,dm,
√|g˜|) and the sufficient condition for ρ˜(x) to be an L2(M,dm,√|g˜|) is Ψ˜(x) ∈
L∞(M,dm,
√|g˜|). In the second case we can try an expansion of Ψ(x, y) into a series of gen-
eralized harmonics similarly as for ρ (i.e. Eqs. (B.19b–c).
The (n1 + 4)-dimensional lagrangian for the scalar field Ψ looks like:
Lscal(Ψ) = (Mγ˜(CM)Ψ,CΨ,M + n2γ[MN ]γDM γ˜(DC)Ψ,NΨ,C) (B.20)
or
Lscal(Ψ) = (Mg˜(γµ)Ψ,γΨ,µ + n2g[µν]gδµg˜(δγ)Ψ,νΨ,γ)
+
1
r2
(Mg˜(c˜m˜)Ψ,c˜Ψ,m˜ + n
2g[m˜n˜]gd˜m˜g˜
(d˜c˜)Ψ,n˜Ψ,c˜) = L˜scal(Ψ) +Q(Ψ)
(B.21)
Moreover we should average over M and H.
Thus one gets using (B.19), (B.21):
1
V1V2
∫
M
(Lscal(Ψ) +Q(Ψ))
√
|g˜|
√
|ℓ|dm(y)dµH(h) =
∞∑
k=0
Lscal(Ψk) + 1
2
∞∑
k,l=1
M̂klΨkΨl, (B.22)
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where Lscal(Ψk) is a usual lagrangian for the scalar field Ψ in our theory and
1
2
M̂kl =
(−1)
V2r2
∫
M
(Mg˜(c˜m˜) + n2g[m˜n˜]gd˜m˜g˜
(d˜c˜))χk,c˜χl,n˜
√
|g˜| dm(y) <∞ (B.23)
and M̂kl = M̂lk, k, l = 1, 2, . . .
It is easy to see that we get a tower of fields Ψk such that according to (B.23) the field Ψ0 is
massless and remaining fields are massive with a scale of a mass
1
r
.
The infinite dimensional quadratic form
1
2
∞∑
k,l=1
M̂klΨk(x)Ψl(x)
is convergent in ℓ2 for every x. This is easily satisfied if the derivatives of χk belong to
L2(M,dm,
√|g˜|) and ga˜b˜ are continuous functions on M , which is always satisfied for our case
(M is compact without boundaries and ga˜b˜ defined in Section 4). For L
2(M,dm,
√|g˜|) is unitary
equivalent to L2(M,dm) we can consider χk eigenfunctions of Beltrami–Laplace operator on M .
In some cases we can diagonalize the infinite dimensional matrix M̂kl getting some new fields
Ψ ′k′(x) =
∞∑
k=1
Ak′kΨk(x), (B.24)
such that
bkδkl =
∞∑
k′,l′=1
Akk′All′M̂k′l′ , (B.25)
where A = (Ak′k) is a unitary operator in ℓ
2 space i.e.
‖Aa‖ = ‖a‖ (B.26)
and A(ℓ2) = ℓ2.
The diagonalization procedure can be achieved if M̂kl is a symmetric unbounded (Hermitian)
operator in ℓ2. This is equivalent to
M̂kl = M̂lk (B.27)
and M(ℓ2) = ℓ2. Thus we get for the lagrangian:
Lscal(Ψ) =
∞∑
k=0
Lscal(Ψ ′k)−
∞∑
k=1
bk
2
(Ψ ′k)
2, (B.28)
(
bk
M
)
have an interpretation as m2k for Ψ
′
k. If M̂kl is a negatively defined operator in ℓ
2 we have
for every k bk ≥ 0 ifMkl is invertible bk > 0 for every k. The latest condition means that every Ψ ′k
is massive with
1
r
as a scale of the mass. Let us write down a self-interaction term for Ψ ′k coming
from cosmological terms. One gets:
V ({Ψ ′k}) =
1
V2
∫
M
√
|g˜|dm(y)
(
α2s
ℓ2pl
R˜(Γ˜ )e(n+2)Ψ(x,y) +
enΨ(x,y)
r2
R̂(Γ̂ )
)
, (B.29)
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where
Ψ(x, y) = Ψ0(x) +
∞∑
k=1
Ψk(x)χk(y) (B.30)
and
Ψ ′k =
∞∑
k=1
Akk′Ψk′ . (B.31)
The field Ψ0(x) can get a mass from a cosmological background (see Refs [5, 15]) (or in a way
described in Section 4). If we suppose Ψ = Ψ(x) it means really that Ψ(x) = Ψ0(x) i.e. a
truncation. In this more general case for the field ρ (or Ψ) one can easily get similar formulae for
the remaining part of the lagrangian involving this field i.e. averaging over the manifold M .
All the factors in front of lagrangian terms are exponential functions of Ψ . The sufficient con-
dition to make all the integration over M convergent is to suppose that Ψ˜(x) ∈ L2(M,dm,√|g˜|)∩
L∞(M,dm,
√|g˜|) i.e. Ψ˜(x) is L∞-valued function.
In the case of a completely broken group G we should put G for M .
Let us give a more rigorous justification for an intuitive procedure concerning diagonalization
of the infinite matrix M̂ .
Let us consider a bilinear form in L2(M,dm,
√|g˜|) = L2 ≃ L2(M,dm)
M̂(f, g) =
1
V2r2
∫
M
(Mg˜(c˜m˜) + n2g[m˜(n˜]gd˜n˜g˜
(|d˜|c˜)))f,c˜g,m˜
√
|g˜|dm(y), (B.32)
for f, g ∈ L2(M,dm,√|g˜|) ∩ C1(M).
This form is always defined for f and g, because ga˜b˜ are smooth functions on a compact man-
ifold and f,c˜, g,m˜ ∈ L2(M,dm,
√|g˜|) (if they exist). C1(M) is linearly dense in L2(M,dm,√|g˜|).
Let us suppose that the tensor P (c˜m˜), where
P c˜m˜ = (Mg˜c˜m˜ + n2g[m˜n˜]gd˜n˜g˜
(d˜c˜))
is invertible and negatively defined.
One notices that P c˜m˜ is G-invariant on M . The same is of course true for P(c˜m˜) being an
inverse tensor of P˜ (c˜m˜). Moreover every G-invariant metric is induced by a scalar product < ., . >
on g/g0 = m which is invariant under the action of AdG0 on m. Thus P is induced by such a scalar
product. The tensor Pc˜m˜ induces on M an additional Einstein–Kaufmann geometry compatible
with it. We can repeat some consideration concerning symmetric and skewsymmetric forms on M
from section 4. If P[d˜b˜] is not degenerate and ∇̂a˜P[d˜b˜] = 0 we can get an almost complex structure
on M induced by Pc˜m˜ = P(c˜m˜) + P[c˜m˜] (if dimM is even).
Let us consider a linear functional on L2 ∩ C1(M) = D
Ff (g) = M̂(f, g), g, f ∈ D ⊂ L2, (B.33)
Ff ∈ (L2)∗ = L2 (Riesz theorem). Thus for every f we have a functional F .
Thus we can define a linear operator on L2 such that
L(f) = Ff , or (Lf, g) = M̂(f, g). (B.34)
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It is easy to see that if f1 = f2 then Ff1 = Ff2 . Thus L is well defined. Simultaneously we find
that KerL = constant functions on M ∼= R1. This is a subspace of L2. Thus we can consider L
a quotient space of H and denote it L̂, where
H = L2/(KerL). (B.35)
Let Ff1 = Ff2 then one gets ∧
g∈L2−(KerL)
M̂(f1, g) = M̂(f2, g). (B.36)
Using (B.32) one gets that f1,c˜ = f2,c˜ modulo a set of a zero measure. Thus [f1] = [f2] ∈ H. One
can easily check that L̂ is symmetric because M̂(f, g) = M̂(g, f).
The operator L̂ is unbounded on D and it is negatively strictly defined i.e.
(−L̂(f), f) ≥ C‖f‖2, (B.37)
C is a positive constant.
For this we can apply Friedrichs’ theory (Kurt Friedrichs (1901–1982)) for L̂. We denote the
Friedrichs’ space for L̂, L20(M) and the scalar product in L
2
0(M) is given by :
(f, g)F = (−L̂f, g), (B.38)
(D/(KerL) is dense in L20(M) in a sense of the norm ‖ · ‖F ). Let L˜ = L̂ (a closure of L˜) denotes
a Hermitian extension of L̂ in L20(M), which exists due to Friedrichs’ theorem and it is invertible.
Moreover L˜−1 is compact. L̂ is called also a Friedrichs’ extension (see Ref. [110]) in distinction
to a different extension called Krein–von Neumann extension, which we do not consider here.
For this we can proceed a spectral decomposition of L˜. Such an operator has a pure point
unbounded spectrum on a negative part of a real axis and eigenvectors (eigenfunctions) span
L20(M). One gets
L˜ = −
∞∑
k=1
µ2kPk, µk 6= 0, µk →∞, (B.39)
where P 2k = 1, PkPl = δklI are projective operators in L
2
0(M). The sum is understood in a weak
topology at a point.
The above considerations justify an intuition of a diagonalization procedure for an infinite
matrix M̂kl.
The existence of the tower of scalar fields in our theory can help in renormalization problems.
The fields can work as regulator fields if we change some parameters in our theory.
The Friedrichs’ theory gives us the following properties of eigenvectors for L˜,
L˜ζk = −µ2kζk k = 1, 2, . . . (B.40)
They are normalized and orthogonal:∫
M
ζ2k(y)
√
|g˜|dm(y) = 1, (B.41)∫
M
ζk(y)ζl(y)
√
|g˜|dm(y) = 0 if k 6= l. (B.42)
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If the spectrum is degenerated i.e. µ2k is repeated q times (q is a natural number)
µ2k = µ
2
k+1 = . . . = µ
2
k+q−1, (B.43)
then ζk, ζk+1, . . . , ζk+q−1 form an algebraic basis of a finite dimensional linear space of func-
tions f ∈ L20(M) ∩ C2(M) satisfying Eq. (B.43). After the orthogonalization procedure of
{ζk, ζk+1, . . . , ζk+q−1} (for example Schmidt procedure) we can define projectors:
Pk = Pζk for every k = 1, 2, . . .
The orthonormal set of eigenfunctions ζk, k = 1, 2, . . . is complete in L
2
0(M). Thus
I =
∞∑
k=1
Pk =
∞∑
k=1
Pζk , (B.44)
where I is an identity operator in L20(M). Thus we can expand the field Ψ into a complete set of
functions ζk
Ψ(x, y) = Ψ0(x) +
∞∑
k=1
Ψk(x)ζk(y), (B.45)
such that ∞∑
k=1
Ψ2k (x) <∞, (B.46)
for x ∈ E.
Let us find conditions of a diagonalization of the infinite matrix M̂kl. It means we are looking
for conditions of the existence of the unitary transformation from the basis χk, k = 1, 2, . . . to
the basis ζk, k = 1, 2, . . . in H (or in L20(M)). Later we give those conditions.
For {ζk} is complete one always gets
χk =
∞∑
l=1
Aklζl for every k (B.47)
and ∞∑
l=1
A2kl <∞. (B.48)
Moreover one has
Akl = (χk, ζl). (B.49)
For the same reasons we have
ζk =
∞∑
l=1
Bklχl, (B.50)
∞∑
l=1
B2kl <∞ (B.51)
and
Bkl = (ζk, χl). (B.52)
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One gets
Akl = Blk (B.53)
and
χk =
∞∑
l=1
Akl
∞∑
p=1
Blpχp =
∞∑
p=1
( ∞∑
l=1
AklBlp
)
χp. (B.54)
This is possible only if
∞∑
l=1
AklBlp =
∞∑
l=1
AklApl = δkp. (B.55)
Thus Akl is an isometry in the ℓ
2-space and Bkl either. Moreover Akl and Bkl are invertible and
A is an inverse operation of B. This means A is an unitary transformation. The transformation
A diagonalizes the infinite dimensional matrix M̂kl. The only one condition for the existence of
A is the following. The set {χk} or {ηk} are complete bases in L20(M).
Let us consider the operator L˜ in more details and find its shape for f ∈ C2(M)/
KerL). The operator L˜ can be considered a Gateaux derivative of the quadratic form M̂ in
L20(M). One finds:
L˜f =
1√|g˜| (
√
|g˜|pa˜b˜f,a˜),a˜ = (ln
√
|g˜|
,b˜
pa˜b˜f,a˜ + p
a˜b˜
,b˜f,a˜ + p
a˜b˜f,a˜,b˜), (B.56)
where
pc˜m˜ = pm˜c˜ =
[
g˜(c˜m˜) +
n2
2
(g[m˜n˜]gd˜n˜g˜
(d˜c˜) + g[c˜n˜]gd˜n˜g˜
(d˜m˜))
]
(B.57)
The operator L˜ slightly differs from the Beltrami–Laplace operator defined on (M,p).
p = pa˜b˜θ
a˜ ⊗ θb˜, pa˜b˜pa˜c˜ = δc˜b˜
because det(pa˜b˜) 6= det(ga˜b˜) = g˜. It differs also from the Beltrami–Laplace operator on (M,h0).
Moreover L˜ is a left-invariant operator on C2(M) of the second order. Supposing the reductive
decomposition of g = g0+˙m we have a complete description of an algebra of G-invariant operators
onM , D(G/G0) in terms of Lie algebra g and g0. The algebra is commutative ifM is a symmetric
space. Let M be a symmetric space (of compact type of course) and let rank (M) = K. The
algebra D(G/G0) has finite numbers of generators i.e. D1,D2, . . . ,DK . In this case every D ∈
D(G/G0) is a symmetric polynomial of Di, i = 1, 2, . . . K,D = W (D1,D2, . . . DK). Notice that
degrees of Di, i = 1, 2, . . . K di = 1, 2, . . . K are canonically established by G.
Thus ∆ =W1(D1, . . . DK) and L˜ =W2(D1 . . . DK , ζ) and W1 6=W2, W1(. . .) =W2(. . . , 0).
The existence of the unitary operator A in ℓ2-space means that L̂ and ∆̂ = ∆|H have the same
Friedrichs’ theory i.e. the same L20(M). For M is compact without boundaries and h
0
a˜b˜θ
a˜ ⊗ θb˜,
g˜a˜b˜θ
a˜ ⊗ θb˜, pa˜b˜θa˜ ⊗ θb˜ are smooth functions on M one gets:
m2(−∆̂f, f) ≤ (−L̂f, f) ≤ m1(−∆̂f, f), (B.58)
m1, m2 are positive constants.
This means that L20(M) for ∆̂ and L̂ are equivalent and the conditions we need to imposed
for ga˜b˜ and pa˜b˜ are
det(ga˜b˜) 6= 0 and det(pa˜b˜) 6= 0.
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These are the only conditions for the existence of the unitary operator A in ℓ2-space.
Let us consider M = S2 with the nonsymmetric tensor (see Ref. [5]). One gets
L˜f =
(
M +
n2ζ2
(ζ2 + 1)
)
∆f, (B.59)
where ∆ is an ordinary Beltrami–Laplace operator on S2 in spherical coordinates. In this case
we do not need any procedure described above, because eigenfunction for L˜ are simply spherical
functions Yℓm(θ, ϕ) and
L˜Yℓm = −
(
M +
n2ζ2
(ζ2 + 1)
)
ℓ(ℓ+ 1)Yℓm. (B.60)
The mass spectrum is degenerated for m = −ℓ, −(ℓ− 1) . . . 0 . . . ℓ− 1, ℓ, ℓ = 1, 2, 3, . . . and
m(ℓ,m) =
1
r
√(
1 +
n2ζ2
M(ζ2 + 1)
)
ℓ(ℓ+ 1), ℓ = 1, 2, 3. (B.61)
Let us notice the following fact: if the homogeneous spaceM = G/G0 is a two-point homogeneous
space (see Ref. [48]) the operator L˜ is proportional to the Beltrami–Laplace operator on M . This
fact is coming from left-invariancy of L˜ and from this fact that L˜ is of the second order differential
operator for f ∈ C(2)(M). In general this is not true. Moreover for ζ = 0
L˜ =M∆. (B.62)
Thus m(ℓ,m) ≃ 1r
√
2(ℓ+ 1)ℓ. We have the following two-point homogeneous spaces SU(p +
1)/S(U(1) × U(p)), SO(n + 1)/SO(n), (fu(−52), so(9)) of compact type, which can serve as the
manifold M = G/G0. Only the first one is Hermitian (Kählerian) and in this case one gets
L˜ =
(
M +
n2ζ2
(ζ2 + 1)
)
∆ (B.63)
the same formula as for S2. Moreover for every two-point symmetric space L˜ is proportional to
∆ (Beltrami–Laplace operator)
L˜ = g(ζ)∆, (B.63a)
g(0) =M. (B.63b)
It is interesting to find L20(M) in terms of irreducible spaces of representations of the group G.
In the case of S2 = SO(3)/SO(2) one simply gets
L20(M) =
∞∑
i=1
⊕Hℓ, (B.64)
where Hℓ is space of an irreducible representation of the group SO(3)
dimHℓ = 2ℓ+ 1.
In this case a dynamical group of L˜ is SO(3,1) (the so called spectrum generation group)
SO(3)⊂SO(3,1).
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∞∑
i=0
⊕ Hℓ = L2(M) = L20(M) ⊕ R is a representation space of a unitary representation of
SO(3,1).
In general the situation is more complex.
Let G be a simple compact Lie group and let G0 be its closed subgroup such that it is a
semisimple or G0 = U(1) ⊗G0, where G0 is semisimple.
Let C = habY
aY b be a Casimir operator of G and let C0 be a Casimir operator of G0 (or G
′
0).
Let us suppose a reductive decomposition of the Lie algebra g, g = g0+˙m (or g0
′) and consider
an operator
−D = C − C0 = ha˜b˜Y a˜Y b˜. (B.65)
This operator acts in the complement m, which is diffeomorphic to Tan0(G/G0), 0 = ϕ(ε).
Let us define a left-invariant differential operator ∆ on M corresponding to D, via a pull-
back of the left action of the group G on M . Let us find eigenfunctions of this operator and its
eigenvalues. This can be done as follows. LetHλ¯k be invariant spaces of irreducible representations
of G corresponding to the value of the Casimir operator, C, λk and Hµ¯ℓ be invariant spaces of
irreducible representations of G0 corresponding to the value of the Casimir operator C0, µℓ. Both
groups are compact and those representations are finite-dimensional and unitary. All invariant
spaces Hλ¯k and Hλ¯ℓ are Hilbert spaces. One gets
L2(M) =
∑
λ¯k
⊕Hλ¯k =
∑
λ¯k
⊕
∑
µ¯ℓ∈λ¯k
⊕b(λ¯k, µ¯ℓ)Hµ¯ℓ , (B.66)
where µℓ ∈ λk, means that Hλ¯k is decomposed into some irreducible representation spaces µℓ of
the subgroup of G, G0. b(λk, µℓ) means a multiplicity of Hµ¯ℓ in Hλ¯k . Thus one gets
∆fk,ℓ,ℓ′ = η(k, ℓ)fk,ℓ,ℓ′ , (B.67)
where
η(k, ℓ) = λk − µℓ < 0, (B.68)
fk,ℓ,ℓ′ ∈ L2(M) and fk,ℓ,ℓ′ ∈ H(ℓ
′)
µ¯ℓ
, µℓ ∈ λk.
H1µ¯ℓ ⊕ . . .⊕Hℓ
′ ⊕ . . .⊕Hb(λ¯k ,µ¯ℓ)µ¯ℓ ⊂ Hλ¯k .
The dimension of the space corresponding to η(k,ℓ) can be easily calculated.
dimHη¯(k,ℓ) = b(λk, µℓ) dimHµ¯ℓ . (B.69)
Thus η(k, ℓ) is in general degenerated. The most important results is this that
L2(M) =
∑
λ¯k
⊕Hλ¯k , λ 6= 0 (B.70)
or
L2(M) = L20(M)⊕H0, dimH0 = 1, H0 ≃ R′, (B.70a)
or
L2(M) = L20(M)/R
′. (B.70b)
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In the case of a U(1) factor we get similarly
∆f(k,ℓ,ℓ′,m) = η(k, ℓ)f(k,ℓ,ℓ′,m), (B.71)
where
f(k,ℓ,ℓ′,m) = fk,ℓ,ℓ′gm, m = 0,±1,±2, . . . , (B.72)
gm is a function of a one-dimensional irreducible representation of U(1), m = 0, ±1, ±2, . . . .
Thus the construction of eigenfunctions of ∆ is known from representation theory of G and G0
(G′0) and the spectrum is known as well. The case with U(1) factor is important in our treatment
of GSW model (see Ref. [10]). The interesting problem which arises here is as follows. What is
the group (noncompact in general) for which L2(M) (L20(M)) is the invariant space of a unitary,
irreducible representation. In other words what is an analogue of SO(3,1) for ∆ on S2 in a general
case. This group (if exists) we call dynamical group of ∆, Ĝ or a spectrum generating group. We
suppose that such a group is minimal for the above requirement. In this way Gmust be maximally
compact subgroup of this group, G ⊂ Ĝ. Thus L2(M) is a space of a unitary representation of Ĝ
(which is up to now unknown) T : Ĝ→ L(L2(M), L2(M)) such that
T|G =
∑
λk
⊕Hλ¯k , (B.73)
where the sum is over all the irreducible representation of G with multiplicity equal to one. Such
an representation of Ĝ, T is called maximally degenerated (or most degenerated). Such a situation
is possible only if G is a maximal compact subgroup of Ĝ.
Thus the dynamical group Ĝ for ∆ is defined as follows:
1. G ⊂ Ĝ and is a maximal compact subgroup Ĝ (Ĝ is noncompact, of course)
2. Ĝ/G is a symmetric irreducible space of noncompact type, such that for a given G its rank
is minimal.
3. The maximally degenerated, unitary, irreducible, infinite dimensional representation of Ĝ,
T restricted to G is equivalent to the simple sum of all irreducible representation of the
group G (which are finite dimensional).
In our case G is simple and compact. Thus we have the following possibilities:
Space Rank
SL(n,R)/SO(n) , n− 1
(e6(6), sp(4)) , 6
(e6(−26), f4) , 2
(e7(7), su(8)) , 7
(e8(8), so(16)) , 8
(f4(−20), so(9)) , 1
Except the listed above there are also some additional.
SO0(p, 1)/SO(p) , 1
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SO0(3, 1) is a Lorentz group and this is our example with S
2.
SU(p, 1)/U(p) , 1
These are the only possibilities for which we have pairs (Ĝ,G) suspected to be a dynamical for ∆
on G/G0. Thus we need maximally degenerated representations of SO0(p, 1), SU(p,1), SL(n,R),
e6(6), e6(−26) e7(7), e8(8), e4(−20) and their decompositions, after a restrictions to the maximally
compact subgroup, to the irreducible representations of those subgroups.
Let us consider SO0(p, 1). The most degenerate discrete series consists of
T̂ (L), L = −
{
1
2
(p + 1)− 4
}
,−
{
1
2
(p+ 1)− 4
}
+ 1,−
{
1
2
(p+ 1)− 4
}
+ 2, . . .
in L2(Hp,1, µ).
Hp,1 — means a hyperboloid in Rp+1,
p∑
i=1
(xi)2 − (xp+1)2 = 1 and µ is a measure on Hp,1,
quasiinvariant with respect to the action of the group SO0(p) on H
p,1. In this case after a restric-
tion of T̂ (L) to the subgroup SO(p) every representation (finite dimensional, unitary, irreducible)
enters with a multiplicity equal to one (see Ref. [105, 106]).
T̂g(L)|G =
∑
ℓ[p/2]
⊕T̂ ℓ[p/2], (B.74)
where T̂ ℓ[p/2] are symmetric finite-dimensional representations of SO(p) determined by the highest
weight
m = [ℓ[p/2], 0, 0, . . . ],
ℓ[p/2] = L+ 2n, n = 0, 1, 2, . . .
Thus in the case of G = SO(p), Ĝ = SO(p, 1).
In the case of SU(p, 1) the situation is even easier. Let us come back to the operator L˜. It is
a G-invariant operator on M of the second order.
Thus it is a linear combination of ℓ = rankM , independent operators of on M , left-invariant.
If the rank of M is 1 it is proportional to the Beltrami–Laplace operator on M . Thus we have
L˜ =M
ℓ−1∑
i=0
gi(ζ)∆i, (B.75)
such that ∆0 = ∆ (Beltrami–Laplace operator on M) and
g0(0) = 1 (B.76)
gi(0) = 0, i = 1, 2, . . . ℓ− 1,
∆i, i = 1, 2, . . . , ℓ − 1, are remaining G-invariant differential operators on M . Moreover if they
commute we can find the spectrum of L˜ using eigenfunctions of ∆ finding spectrum of masses
for the tower of scalar fields Ψk. The matrix Mke can be diagonalized in L
2(M,dm) which is
equivalent to L2(
√
g˜,M, dm) and to Friedrichs’ Hilbert space for ∆. Thus the operator has the
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same spectrum in L0
2(M), moreover the eigenfunctions differ in their form from eigenfunctions
of Beltrami–Laplace operator due to different scalar product in L0
2(M).
mk =
1
2
√√√√−2ℓ−1∑
i=0
µigi(ζ). (B.77)
The spectrum generating group Ĝ is the same for L˜ as for the Beltrami–Laplace operator on M .
Ĝ ⊃ G ⊃ G0.
Let us remind to the reader that the maximally degenerated representation means that all the
Casimir operators are polynomials of the Casimir operator of the lowest order. In our case of the
Casimir of the 2nd order. Our group Ĝ is a spectrum generated group for the tower of scalar field
Ψk(x), (Ψ(x, y) on M × E).
The Dark Matter in Appendix B is of course a cold Dark Matter. This Dark Matter interacts
only gravitationly. It is really a part of gravity (multidimensional). The interactions with ordinary
matter are very weak, a coupling constant is the same as in the case of a skewon and a scalaron.
All particles are massive scalars, except Ψ0. Moreover, Ψ0 corresponds to our Ψ (or ϕ) massive
scalaron. Masses and cross section of interactions in a tree approximation can be easily calculated.
In some concrete cases this will be done.
An interesting problem is as follows. What will happen if a cosmological constant obtained
here is zero? Is it a danger for the theory? Certainly no! First of all we do not have massive skewon
and massive scalaron (in this appendix Ψ0). They are massless and are useless as Dark Matter
particles. Moreover, we still have a tower of massive scalar particles described in this appendix.
There is a cosmological problem with an accelerated expansion due to a cosmological constant.
In the Robertson–Walker–Friedman Universe this is impossible. We can use nonhomogeneous
cosmology described by Lemaître–Tolman models [107, 108, 109]. In the place of an accelerating
expansion we have inhomogeneous cosmology. We do not need a cosmological constant and we
still have a Dark Matter. From our point of view this would be a good solution for our Universe
is really inhomogeneous.
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